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Abstract

Motivated by modern applications such as computerized adaptive testing, sequen-
tial rank aggregation, and heterogeneous data source selection, we study the problem
of active sequential estimation, which involves adaptively selecting experiments for se-
quentially collected data. The goal is to design experiment selection rules for more
accurate model estimation. Greedy information-based experiment selection methods,
optimizing the information gain for one-step ahead, have been employed in practice
thanks to their computational convenience, flexibility to context or task changes, and
broad applicability. However, statistical analysis is restricted to one-dimensional cases
due to the problem’s combinatorial nature and the seemingly limited capacity of greedy
algorithms, leaving the multidimensional problem open.

In this study, we close the gap for multidimensional problems. In particular, we
propose adopting a class of greedy experiment selection methods and provide statisti-
cal analysis for the maximum likelihood estimator following these selection rules. This

class encompasses both existing methods and introduces new methods with improved
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numerical efficiency. We prove that these methods produce consistent and asymptoti-
cally normal estimators. Additionally, within a decision theory framework, we establish
that the proposed methods achieve asymptotic optimality when the risk measure aligns
with the selection rule. We also conduct extensive numerical studies on both simulated
and real data to illustrate the efficacy of the proposed methods.

From a technical perspective, we devise new analytical tools to address theoretical
challenges. For instance, we demonstrate that functions of inverted Fisher information
have a regularization effect when used in selection rules, thereby automatically explor-
ing necessary experiments. Additionally, we show that a class of greedy and stochastic

optimization methods converges to the minimum of a convex function over a simplex



almost surely. These analytical tools are of independent theoretical interest and may be

reused in related problems involving stochastic approximation and sequential designs.

Keywords: Active sequential estimation, optimality theory, sequential analysis, computer-

ized adaptive testing

1 Introduction

In many modern applications, data are collected sequentially and adaptively through varied
experiments, with the distribution being influenced by both unknown model parameters and
the experiments. Active sequential estimation, which involves the adaptive selection of the
experiments, enables more efficient model estimation. It has received considerable attention

across various disciplines recently. A few examples are provided below.

Computerized Adaptive Testing (CAT) CAT refers to a form of educational assess-
ment where test items are administered adaptively and sequentially based on the test taker’s
responses to previous items. For instance, if a test taker answers questions correctly, they
may receive a more challenging item subsequently. Over the past decades, CAT has gained
popularity due to its ability to achieve a more accurate assessment with fewer test items
compared to traditional non-adaptive tests. To implement CAT, Item Response Theory
(IRT) models are typically employed (Chen et al., 2024; Reckase, 2006). IRT models assume
that a test-taker’s responses, whether correct or incorrect, are influenced by both their latent
trait parameter and the selected item. A crucial aspect of CAT design involves developing
effective item selection rules to estimate the latent trait parameter as accurately as possible.
For a comprehensive review on this topic, see Bartroff et al. (2008); Chang and Ying (2009);
Wang et al. (2017), and the references therein.

Sequential rank aggregation The rank aggregation problem involves inferring a global
rank for a set of items by aggregating noisy pairwise comparison results. This problem
finds applications across various domains such as social choice (Saaty and Vargas (2012)),
sports (Elo (1978)), and search rankings (Page et al. (1999)). Statistical models such as the
Bradley-Terry model (Bradley and Terry, 1952), which assigns a latent score parameter to
each object, are often utilized to model the noisy pairwise comparison results. Subsequently,
the global rank can be inferred from the estimated latent score parameters. Recently, the
sequential rank aggregation problem has attracted increased interest. This approach involves
sequentially and adaptively selecting the next pair to compare based on the comparison

results of previously selected pairs (see, e.g.,Chen et al. (2013, 2022, 2016)). A key question
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of interest is the design of pair selection rules to enhance the efficiency of the rank aggregation
process.

Besides the aforementioned applications, additional areas of application include active
sampling in signal processing (Mukherjee et al., 2022), active contextual search (Chen et al.,
2023), and dynamic pricing (Chen and Wang, 2023), among others.

In all of the above applications, the problem can be formulated as a sequential design-
and-estimation problem where data Xi,---, X, -+ are collected sequentially. Each X, has
a density function fg,, (-) relative to a baseline measure, with @ € RP representing the
underlying model parameter, a, € A denoting the experiment selected at time n, and A
being a finite set encompassing all possible experiment choices. For example, in the context
of CAT, 6 corresponds to the latent proficiency level of a test-taker on p subjects or skills,
a, indicates the n-th test item, A indicates the item bank which collects all the potential
test items, and X, € {0, 1} indicates that whether the test-taker answers the n-th question
correctly or not. At each time step n, a decision maker needs to select an experiment a,,
based on the past observations Xy, ay, Xo,as, -+, X,_1,a,_1, sample X, accordingly, and
construct an estimator én for estimating . The goal is to find a good adaptive experiment
selection rule and an estimator §N so that é\N is as accurate as possible, where N could be
a fixed sample size or a random stopping time depending on the application.

Greedy information-based experiment selection rules that maximize one-step-ahead in-
formation gain have been commonly adopted for item selection in CAT (see, e.g., Chang and
Ying (1996); Cheng (2009); Van Der Linden (1999); Wang and Chang (2011)). For example,
Wang and Chang (2011) and Tu et al. (2018) describe the following experiment selection

rule:
. AML . -1
Ap+1 = argraléljltl" |:{I(0n aa'n7a)} ]7 (1)
where a,, = (a1, - ,a,) denotes the experiments selected up to time n,

AML __ - A
0, = arg mgxz log fo.q,(Xi)

=1

denotes the maximum likelihood estimator (MLE) with n observations,

I(é\i\z/m; ap,a) = n j_ 1 { zn:zai(é\i\z/m) +Ia(§71\z/m)}
=1

represents the rescaled Fisher information matrix associated with the first n experiments
and one extra experiment a, while Z,(0) = Ex.y, ,[V10g fo..(X){V log fo..(X)}"] denotes

the Fisher information matrix associated with the experiment a at the parameter 8. Other



experiment selection rules in a similar form (e.g., substituting the trace function with other
functions like log det(+)) are also explored in Wang et al. (2011).

These information-based experiment selection rules offer several benefits. First, the se-
lection processes only require the calculation of the Fisher information and are easy to
implement. Moreover, they are inherently parallelizable, offering scalability when |A| is
large. Second, they quantify the information gain associated with each experiment, thereby
providing priority scores for them. This feature enables extension of these rules to various
contexts and tasks (e.g., A varies over time). Additionally, given a parametric model, these
rules can readily address problems in other applications.

Despite the computational advantages and wide applicability, the statistical analysis of
greedy information-based experiment selection methods is limited to the one-dimensional
case (p = 1) in existing research. In this context, Chang and Ying (2009) established the
consistency, asymptotic normality and optimality results for the MLE, and discussed the
application in CAT. However, the multidimensional (p > 1) case remains an open problem,
partly due to the challenges regarding the combinatorial nature of the multidimensional
problem and the seemingly limited capacity of greedy methods. The following example,
which mimics the settings of an educational test measuring two latent traits, illustrates that
one has to combine experiments carefully in order to obtain a consistent and/or risk-optimal

estimator.

Ezample 1. Let @ = (61,60,)7 and A = {1,2,3}. Let fp, be the probability mass func-
tion for Bernoulli variables with the probability parameter (1 + exp(—6; + 0.1))~!, (1 +
exp(—60;))71, and (1+exp(—01/2—0))7!, for a = 1,2, 3, respectively. Let n; be the number
of times that experiment £ is selected and 7, = ng/n be its frequency (k = 1,2,3) with
n = Y, ng. Then, a necessary condition for the existence of a consistent estimator én is
max{min(ny, ne), min(ny, n3), min(ng, n3)} — co. Moreover, in order to minimize the mean
squared error IEHé\n — 0]]* asymptotically, a necessary condition is (71, 7, 73) — 7w*(0) as
the total sample size grows, where 7w*(8) is a vector-valued optimal proportion function de-
pending on 6. See Figure 1 for an illustration of the function 7*(0) and additional details

in Section 5.2.

In this example, achieving consistent or asymptotically optimal estimators requires exper-
iments to be combined carefully with a parameter-dependent frequency. However, information-
based selection methods, being one-step-ahead greedy, do not consider the benefits of com-
bining experiments or multi-step planning. Thus, it remains an open question whether these
selection methods lead to consistent, asymptotically normal, or risk-optimal estimators.

In this study, we provide a definitive answer to the above question for a class of greedy-

information-based experiment selection rules. In particular, we introduce two experiment
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selection rules based on a pre-specified criterion function Gg : RP*? — R,

GIO:  apyq = arg glei,{tl Gy [{I(@XL; a,, a)}_l}, and (2)
GIl : a4 = arg max tr [VG@LAL (in)inza(é}fL)ﬁn}, (3)

where 3, = {Z(0M":a,)} 7!, VGo(Z) = (M denotes the gradient of Gg

0% )1<i,'§
with respect to its matrix input and recall I(@T\Z/IL; a,) :_%jz%l:l Iai(é\fl/m). We refer to the
selection rule in (2) as the zero-order greedy information-based selection rule (GI0), and
that in (3) as the first-order greedy information-based selection rule (GI1), because GIO is
minimizing a certain function of the Fisher information at the next time point, while GI1 is
derived based on a first-order Taylor expansion of GI0; see Section 3 for more details. GIO
generalizes the selection rule in (1), accommodating more diverse settings. New methods can
be obtained by specifying an appropriate function Gg. GI1 offers a class of new experiment
selection rules which share similar asymptotic properties as GI0 but are computationally
more efficient when both p and |A| are large.

Our main theoretical contributions are as follows. First, we show that MLE is strongly
consistent and asymptotically normal when using GIO or GI1 as the experiment selection
rule, under mild conditions. Second, we derive the asymptotic covariance matrix of the MLE
as a function involving Gg(+) and the Fisher information. Third, we prove that the empirical
frequency of selected experiments converges to a limiting frequency. Fourth, we show that
the experiment selection rule GI0 (or GI1) combined with the MLE is asymptotically optimal
in minimizing certain risk measures related to Gg(-). In particular, if Gg(-) = tr(-), then the
MLE has the smallest asymptotic mean squared error (MSE), when compared with other
experiment selection rules and estimators. Moreover, these results are valid not only for
fixed sample sizes, but also for random stopping times, which is beneficial for applications
that use early stopping criteria.

Beyond the methodological and theoretical contributions, we have developed new ana-
lytical tools for addressing technical challenges. For example, we show that the inverted
Fisher information, through its directional derivatives in experiment selection rules, acts as
a regularizer. This facilitates automatic exploration of necessary experiments, removing the
need for additional exploration steps traditionally employed in stochastic control methods
for related problems (e.g., two-stage design in sequential design for hypothesis tests (Cher-
noff, 1959; Naghshvar and Javidi, 2013)). Furthermore, we show that a class of greedy
and stochastic optimization methods converges to the minimum of a convex function over a

simplex almost surely. In addition, we refine and extend several classic results in stochastic



analysis, such as Anscombe’s theorem (Anscombe, 1952) and the Robbins-Siegmund theorem
(Robbins and Siegmund, 1971). These theoretical results and technical tools are important
in their own right and may be reused in other related problems. See Section 6 for more
details of the technical challenges and our new analytical tools.

The rest of the paper is organized as follows. Section 2 formalizes the active sequential
estimation problem. Section 3 introduces the greedy information-based experiment selection
rules GIO and GI1, elaborating on their implementation. Section 4 offers the main theo-
retical results regarding the MLE and the experiment selection rules. Section 5 details the
methods and theory in applications including the item selection in CAT and sequential rank
aggregation. Section 6 gives new analytical tools and a proof sketch. Section 7 presents two
simulation studies, which illustrate the finite sample performance and the computational
efficiency of the proposed methods. Section 8 showcases the performance of the proposed
method on a real-data example. Section 9 summarizes the main results and provides discus-
sions on future directions. All the technical proofs for the theoretical results and additional

simulation results are given in the supplementary material.

1.1 Notations

In this paper, we use the following notations and mathematical conventions. Let C' and C
represent generic constants that are bounded from above and below, respectively. These
generic constants are independent of @ and a € A, and their values may vary from place to
place. Let |A| denote the cardinality of a set A. Let I(-) denote the indicator function. Let
I, denote the p x p identity matrix. The inner product between real matrices (or vectors)
A and B of the same size is defined by (A, B) = tr(A”B). For a real matrix A, define
the operator norm || All,, as the maximum singular value of A. For a vector x, denote
its Euclidean norm by ||| = \/(z,z). For a symmetric matrix A, A\paz(A), Anin(A),

and k(A) denote its maximum eigenvalue, minimum eigenvalue, and condition number,

respectively. If A is a positive definite matrix, then k(A) = :\\an:((j)) . For a differentiable
matrix function G(X), its gradient is denoted by VG(X), and is defined as the matrix such
that G(X + AX) — G(X) = (VG(X),AX) + o(||AX||). For symmetric matrices A and
B, define the partial order A < B if and only if B — A is a positive semidefinite matrix.

Throughout the paper, all the vectors are column vectors, unless otherwise specified.



2 Problem Statement

Let Xi,---,X,, -+ be data collected sequentially, A be a finite set with cardinality k,
and ai, -+ ,a,, -+ € A be the experiments selected at different time points. Denote by
Fn = o(ay, Xy, -+ ,a,, X,), the sigma field that contains information of the observations
and the selected experiments up to time n. At each time n, a decision maker needs to select
the experiment a,; adaptively based on past information. That is, a,,11 is measurable with

respect to F,,. Throughout the study, we assume that the distribution of X, satisfies
Xos1|Fn ~ foan,.(-) for 0 € ® CR?

where 6 is a p-dimensional model parameter, © is a compact parameter space and fgq,,, ()
denotes the probability density of X, .1 with respect to a baseline measure. That is, X,
is assumed to follow a parametric model, and its distribution is determined by both the
underlying model parameter @ and the selected experiment a,, 1.

In an active sequential estimation problem, the goal is to design an experiment selection
rule for {a,},>; and find an estimator é\n that is measurable with respect to F,,, so that [9\”
is close to the true underlying parameter 8* with high probability. In some applications, the
data collection process may be stopped early to save for the sampling cost. In these cases,

we are also interested in @y, where N is a random stopping time.

3 Methods

For the estimation method, we focus on the MLE, although some of the methods and the-
oretical results may be extended to other estimators. The definition of MLE is given as
follows. Let the selected experiments up to time n be a,, = (a1, -+ ,a,). Then, the rescaled

log-likelihood and the corresponding MLE are

1,(0) = 1,(0;a,) = Zlogfg% X;), and (4)

OAML € arg maxl (0;a,). (5)

We propose adopting two experimental selection rules, including the zero-order greedy information-
based selection rule GIO and the first-order greedy information-based selection rule GI1. The
precise description of these methods are given in Algorithms 1 and 2.

We explain steps in Algorithms 1 and 2. First, we note that both algorithms require a
pre-specified criterion function Gg : RP*? — R. Motivated by Kiefer (1974) on the design of



Algorithm 1 GIO Algorithm

1: Input: é\g, ald,- - ,ago.

2. Require: 6, € ©, a?, - -- ,a) € Asuch that 7% Ia?(éo) is nonsingular.

3: Imitialization: a; = a?, -+ ,a,, = a%o, collecting responses X, Xo, - -+ , X,,, correspond-
ingly.

4: for n = ng to N do

5. calculating the MLE é\fL/IL according to equation (5)

6:  selecting experiment a,; according to equation (2)

7:  collecting response X, corresponding to the selected experiment a, 1

8: end for

9: Output: Oy*

Algorithm 2 GI1 Algorithm

1: Input: 6, ag,- -+, ad, .

2: Require: 6, € ©, aj,--- ,a), € Asuch that Y1 Ia?<é\[)) is nonsingular.

3: Imitialization: a; = a?,--- ,a,, = a%o, collecting responses X, Xo, -+ , X,,, correspond-
ingly.

4: for n = ng to N do R

5. calculating the MLE M according to equation (5)

6:  selecting experiment a, ; according to equation (3)

7. collecting response X,,,; corresponding to the selected experiment a,, 1

8: end for

9: Output:@]\\?L

experiments, a reasonable choice is

logdet(X), if ¢ =0;
Go(X) = 94,(X) =< tr(X9), if 0 <q<1; (6)
(tr(Z))Ye, if ¢ > 1,

for a prespecified ¢ > 0. In the context of adaptive item selection in CAT, GI0 with
Gg(X) = @,(X) has been adopted in Van Der Linden (1999) and Wang and Chang (2011). In
particular, the selection rule in (1) corresponds to GI0 with Gg(-) = ®;(+). Both GI0 and GI1
are relatively new in other applications described in Section 1. Note that for G¢(X) = @,(X),
it is a function independent with the input 8. Another option is Gg(X) = tr(HgX), where
Hy is a positive definite matrix depending on 6. This criterion function is useful in the cases
where we would like to assign different weights to different values of 8. For more details,
please refer to Theorem 4.8.

Second, both algorithms require an initialization step where ny experiments are selected

so that the Fisher information matrix I(éo;ano) is nonsingular. This initialization step
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ensures that I(én; a,) is nonsingular and the experiment selection rules in (2) and (3) are
well-defined for all n > ng. In practice, it is usually straightforward to find such af,--- ,aj .
For instance, in Example 1, we could choose 8 = (0,0), (a?,ay) = (1,2), and ng = 2. Then,
at each time point, the algorithm first calculates the MLE based on the available information,
selects a new experiment according to (2) for GIO (or (3) for GI1), and then samples a new
observation according to the selected experiment.

We refer to the selection rule in Algorithm 1 as GIO and that in Algorithm 2 as GII,
because GIO tries to minimize the criterion function Gg [{I (6M-: a,, a )}_1] for one-step

ahead, while GI1 tries to minimize its first-order approximation, i.e.,

ot ]
m<ffl+1 — fn, — BML { Z T —1]

)

T=Tp,

acA (7)
—— [VGeML({I@L, D) ){I@X{L, D L@ T a,)} !
L [V (10 0,0} ) T8 0} ).

where the empirical frequency vector 7, is defined as

1
T = Tnlan] = (;I{i; 4 =a,1<i< "H)aeA’ (8)

with @, = (a1, , a,) collects experiments selected up to time n, and 7y, (a') = 257, (a')+
n—+1[ (a = a’) is the empirical frequency at the time n+ 1 if @’ is selected at that time. Note
that GIO0 minimizes the first line of (7), GI1 minimizes the first term on the last equation
of (7), and the second term on the last equation of (7) does not depend on the choice of
experiment a. This suggests that GI0 and GI1 are asymptotically equivalent, although the

rigorous theoretical justification is much more involved.

3.1 Improving Computational Efficiency

If k, p are large, and Z,(0) has some low-dimensional representation, GI1 can be implemented
with improved numerical efficiency. In particular, we consider two specific cases which are
commonly seen in applications, including (1) low-rank information: Z,(0) = L,(6)LI(0)
where L,(0) € RP*® for all @ and 6 and s < p; (2) sparse and low-rank information: L,(8)
has no more than s non-zero rows. For these cases, Algorithm 2 can be implemented using

the following accelerated version.



Algorithm 3 Accelerated GI1 Algorithm
We modify line 6 in Algorithms 2, while keeping the other lines of the algorithms

unchanged.

6: selecting experiment a,,; according to

M = {Z(0)"; a,)} ' VG ({Z()"; an)} " ){Z(O)"; @)},

ang1 = argmax tr | LT (O M L,(8)")]
ae

Lemma 3.1. Assume the computational complezity of evaluating Go(X) and VGe(X) is no
more than O(p®). Given the MLE 6% and T(0M*;a,,), we have

1. the computational complexity for each iteration in GI0 is of the order O(kp?);

2. the computational complexity for each iteration in the accelerated GI1 Algorithm 3 is
O(ksp*+p*), assuming that the information matrices are low-rank matrices with given
L,(8) € RP**. Moreover, the computational cost for the accelerated GI1 Algorithm 3

becomes O(ks?p + p?) if Lo(0) has no more than s non-zero rows.

According to the above lemma, the accelerated GI1 algorithm is computationally much
more efficient than GI0, when k and p are large and s is small. Numerical results supporting

these findings can be found in Section 7.2.

3.2 Early Stopping

In many applications, the data collection process is stopped early when sufficient observations
have been gathered to make accurate statistical inference. For instance, in the context of
CAT, educational tests often have variable lengths determined by specific early stopping
rules. These rules generally lead to less fatigue and a better experience for examinees. In
this section, we introduce two early stopping rules suitable for active sequential estimation.
The first stopping rule 7Y is concerned with the estimation of a differentiable function

of the parameter h(0) € R, and it is defined as
7 = min {m > ny; S/]\E(h(é},fL)) < c}, (9)

—~2 ~ ~ ~ ~

where SE (R(O)")) = L{VRr(ON)}{Z(6)"; a,,)} ' VA(OME). The second stopping rule

7% is concerned with the estimation of the vector 0, and is defined as
— — 1
7% = min {m > no; MSE(OMY) < c}, where MSE(OM") = — tr ({I(é\l\m/m; am)}_1>. (10)
m
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Here, SE serves as an approximation of sd(h(@\nﬂ)) and I\TS\E(@%AL) serves as an approxima-
tion of MSE(6ML) = Ee- [|6M- — 6*||2. Both rules terminate the data collection process once

a certain error estimator falls below a predetermined threshold c.

4 Theoretical Results

In this section, we first introduce the regularity conditions, and then present the main the-
oretical results regarding the consistency, asymptotic normality, and the optimality of the

proposed method.

4.1 Regularity Conditions

Throughout Section 4, we make the following Assumptions 1-5, along with Assumptions 6A
and TA, and we will refer to this set of assumptions as the ‘regularity conditions’. All the
theoretical results still hold when 6A and 7A are replaced with the more relaxed Assumptions
6B and 7B.

Assumption 1. The parameter space ® is a non-empty compact and convex subset of RP.

The true parameter @* is an interior point of ©.

Assumption 2. The support of the probability density fq ., denoted as supp(fe..), depends

only on a and does not depend on @, where the support of a function is defined as

Supp(f&a) = Cl{xa; f@,a(xa) > O}a
and cl(S) denotes the closure of a set S. Moreover, for all a € A and X € supp(fe.a),

the gradient Vglog fo .(X%) = (M)lgﬁ, and the Hessian matrix V3 log fp .(X*) =

00,
2 a
(%‘Q;Fm)lq,ﬂp exist, where @ = (0y,---,0,)". Assume that there exist functions ¥§
1 J - -

and U4 satisfying supgee Exanrg, . {¥T(X*)}* < 00, supgeg Exangy, ¥§(X*) < 00,
IV log fo,,a(X*) = Velog fo,a(X*)| < Vi(X“) (|61 — 62|, and (11)

V5108 fo,a(X") — Vg log fo,a(X)|,, < T5(X) (|61 — 62|, (12)

for all 8,0, € ©® and a € A. Furthermore, for all a € A,

SupEXNfa*’a{HVg logfgﬂ(X)Hz} < 0o and supEXNfe*‘a{Hvz 10gf0,a<X)Hop} < 0.
0cO® 0cO
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Assumption 3. The Fisher information matrices satisfy the following conditions:

Zo(0) = Ex~y,.. [Volog fo.a(X){Velog fo.u(X)}'] = —Exwsy. {Valog fo.u(X)},

and those Fisher information matrices are continuously differentiable with respect to @ for

all a € A. Furthermore, ) _,Z,(0) is positive definite for every 8 € ©.

Assumption 4. Let M(0;m) = >, 7m(a)Ex~y,. {log foo(X)} for m = (7(a))aca. As-
sume the following uniform law of large numbers holds for all sequence a,, = (ay,--- ,a,)

such that a; is measurable with respect to F;_q, for all 1 < i < n:

P{ lim sup [1n(0; @) — M(8; 7, [a,])| = o} —1, (13)
H%OOOG(_)
where 7,[a,] = (Tn(a;@n))aca, and T,(a;a,) = L[{i;a; = a,1 < i < n}| denotes the

empirical frequency that the experiment a is selected up to time n.
Assumption 5. The criterion function g takes one of the following forms:

1. Go(:) = @4() for some ¢ > 0 where ®,(-) is defined in (6), or

2. the function Gg(-) : RP*P +— R is convex, and it satisfies: for all positive defi-
nite matrix X, VoVGe(X) and V2G4(X) are continuous in (6,X); and for all pos-
itive definite matrices satisfying A = B, we have Gg(A) > Gy(B). Additionally,
sup4 £(VGe(A)) < oo and lim,, (4)—e0 ilfgce Go(A) = 00.

Assumption 6A (Reparametrization). There exist matrices {Z, },c4 and probability den-

sity functions {hz,0.4(-) }eca satistying the following requirements
1. Z, is a matrix of dimension p, x p with rank p, and fg.(-) = hz,0.(-) for all a € A.

2. Let &, = Z,0 be a reparametrization of 8. Assume that the Fisher information matrix
of each experiment a is nonsingular with respect to €,. That is, the compressed Fisher

information matrix

Teoa(€a) = Exene, , [ Ve, 108 he, o(X){Ve, log he, o(X)}']
= _EXNhsa,a {Vza log hEa,a(X)}

is nonsingular for all 8 € ©.

Assumption 7A (Identifiability). There exists a constant C' > 0 such that for all 8 € ©,

DKL(hEZ’{aa |h§a7a) > C ||€2 - Sa”2 s (14)
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where & = Z,0* is the compressed parameter after reparametrization, and Dxr,(hes o||he, o)
denotes the Kullback-Leibler divergence between the density functions hex , and he, o, and

) her (X
is defined as Dkr,(hes ol he,a) = ]EXNhg;;,a log (hZZaEX;> )

We comment on the above regularity conditions. Assumptions 1, 2, 3 and 4 are extensions
of standard regularity conditions for the consistency of the MLE based on independent and
identically distributed (i.i.d.) observations (see, e.g., Chapter 5 of Van der Vaart (2000)).
In particular, Assumption 1 ensures the existence of MLE. Assumption 2 requires that the
gradient of log-density function associated with each experiment is stochastic Lipschitz and

has a bounded second moment. Condition (12) can be replaced by a more relaxed condition:

V5108 fo,.a(X?) — Vi 1og fo,a(X)|,, < W5(X*)0 (|61 — 62])), (15)

where 9 : [0,00) — [0,00) is a strictly increasing continuous function such that ¢(0) = 0.
Assumption 3 requires that the Fisher information matrices are well-behaved. Under this
assumption, each Fisher information matrix Z,(6) may be singular, but their sum is nonsin-
gular. In other words, if we combine all the experiments together, the Fisher information
matrix is nonsingular. Assumption 4 requires that the log-likelihood follows the uniform law
of large numbers. This assumption can be verified by uniform martingale laws of large num-
bers (see Rakhlin et al. (2015)) in most applications. Assumption 5 describes the requirement
on the criterion function Gg(-). Assumptions 6A and 7A require that for each experiment
a, we can reparameterize the model with a new parameter &, with possibly lower dimension
Pa < p such that &, is locally identifiable around the true model parameter, and the Fisher
information matrix with respect to &, is nonsingular. Note that Fisher information with
respect to @ may be singular in this case.

All the regularity assumptions are easily satisfied in practical problems, including the
item selection in CAT and the sequential rank aggregation problem described in Section 1.
See Section 5 for detailed justifications of the assumptions in these applications. Note that
6A and 7A can be relaxed to a more general condition, allowing for non-linear model repa-

rameterization. These relaxed conditions are provided below.

Assumption 6B. For @) C A, define a vector space Vo = Vg(0) = >_,., R(Z.(0)), where
R(A) represents the column space of a matrix A. Assume that the dimension dim(Vy(8))

does not depend on @, and there exist constants 0 < ¢ < ¢ < oo, which do not depend on @
and 6, such that for all Q C Aand 8 € ©

¢ Py, = Zfa(e) = ¢ Py, (16)



where Py, gy denotes the orthogonal projection matrix onto vector space V(0).

Assumption 7B. Let $* = {7 = (7(a))sea : D pesm(a) =1 and m(a) > 0 for all a € A}
denote the simplex in R*. Assume that there exists a positive constant C' such that for all
meS*and 6 € O,

> m(a)Dxr(forall fou) > C Y m(a)(0 — 07)71,(67)(0 — 67), (17)

acA acA

where DKL (f@* a
and fg,.

| fo.o) is the Kullback—Leibler divergence between the density functions fg- ,

4.2 Main Theoretical Results

In this section, we present the main theoretical results, including the consistency, asymptotic
normality and the optimality of the proposed method. Recall that the regularity conditions
(Assumptions 1 — 5, along with Assumptions 6A — 7A or 6B — 7B) are assumed throughout

the section.

4.2.1 Strong Consistency
We start with the strong consistency of the MLE following GIO or GI1.

Theorem 4.1 (Strong consistency). Let éﬁ“ be the MLE following the experiment selection
rule GI0 or GI1, as described in Algorithm 1 and Algorithm 2. Then,

lim 0,]2“ = 0" a.s. P,,
n—oo

where P, denotes the data-generating probability distribution under the true model parameter

0.

Theorem 4.1 suggests that the MLE will be close to the true model parameter with a
large sample size following GIO or GI1.

4.2.2 Limiting Selection Frequency and Asymptotic Normality of MLE

Let
I7(0) = > w(a)Z.(6),

acA

be the weighted Fisher information associated with a proportion vector m# € S4. The

distribution of MLE depends on the empirical frequency vector 7r,,, which is defined by (8).
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We first present an auxiliary asymptotic normality result for the MLE following a general

active experiment selection rule that is not necessarily GI0 or GI1.

Theorem 4.2 (Asymptotic normality following general experiment selection rules). Let @114 L

be the MLE calculated according to (5) following an active experiment selection rule that is

not necessarily GI0 or GI1. Let 7, be the corresponding empirical frequency vector.
Assume that there exists m € SA such that T, converges to 7 in probability P, asn — oo,

and I™(0%) is nonsingular. Then,

V(@M — 9%) S N, <0p, {I"(G*)}A) as n — oo, (18)

d o
where ‘=7 denotes the convergence in distribution.

The above Theorem 4.2 extends the classic asymptotic normality results for MLE to the
sequential setting with active experiment selection. It roughly states that if the frequency
of the selected experiment approximates a limiting proportion as the sample size grows, and
the Fisher information weighted by the limiting proportion is nonsingular, then the MLE is
asymptotically normal and the asymptotic covariance matrix is the inverted weighted Fisher
information. Next, we will show that if we follow the experiment selection rule GIO or GI1,
then the frequency for the selected experiments is approaching a limiting proportion that
is determined by the criterion function Gg. For this purpose, we first define a function
Fg : S* — R,

—1
Fo(m) = Go[{ 3 n(@)Tu(0)} |- (19)
acA

Theorem 4.3 (Limiting experiment selection frequency following GI0 or GI1). Assume that

* = argmingcsa Fo« (7). Then,

Fo«(7) has a unique minimizer, denoted by w*. That is,
GI0 and GI1 both satisfy

lim 7, = 7" a.s. P,, (20)
n—oo

where 7, is the corresponding empirical frequency vector. Moreover, for a general function

Fo«(-) whose minimizer is not necessarily unique, we have

lim n?{Fg-(7,) — min Fg- ()} = 0 a.s. P,. (21)
e

n—o00 SA
for all 0 < B < 1/2, given that GI0 or GII1 is used as the experiment selection rule.

The asymptotic normality of the MLE following GIO or GI1 is proved by combining the

above two theorems. We summarize this result in the next theorem.
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Theorem 4.4 (Asymptotic normality following GI0 or GI1). Let aﬁ“ be the MLE following
the experiment selection rule GIO or GI1, as described in Algorithm 1 and Algorithm 2.

Assume Fg«(7) has a unique minimizer . Then,
(@M — gy 4 N, (op, {z**(e*)}‘l). (22)
The covariance of the MLE can be approximated by the plug-in estimator n=!{Z™" (é\TI\L/IL)}_l.
This is justified by the next theorem.

Theorem 4.5 (Asymptotic covariance matrix of the MLE). Under the settings of Theo-

TEM 4.4,
VT (0} 20V — 67) & N,(0,,1,). (23)

In addition, for any continuously differentiable function g : ® — R such that Vg(0*) # 0,,

Vi(g(04™) — g(6))
[{zm (81} vg(01m)| < N(0,1). (24)

The first part of the above theorem justifies the use of the plug-in estimator for the covari-
ance matrix of the MLE. The second part of the theorem suggests that the approximate 1 —«
{zm@m)} Vg

where z,/7 is the 1 — « /2 quantile of the standard normal distribution.

confidence interval for g(8) can be constructed as g(BMY) + z, /5

4.2.3 Asymptotic Optimality

In this section, we present results regarding the optimality of the proposed methods. We
consider two notions of optimality, including the optimal design and asymptotic efficiency of
the estimators under a decision theory framework. The former extends a similar concept in
the literature on the design of experiments, and the latter builds upon the classic asymptotic
efficiency results for MLE with i.i.d. observations. We start with the notion of optimality in

terms of the optimal design.

Definition 4.6 (Gg+- optimality). A selection rule is said to be Gg- a.s. optimal design if

its corresponding selection frequency {7, }nez, satisfies

lim Gg-({Z7(0*)} ') = min Ge-({Z7(6*)} ') a.s. P.. (25)

n—o00 TeSA

The above notion of Gg+«- optimal selection rules extends the classic concept of optimal

designs adopted in the literature on the design of experiments (see, e.g., Kiefer (1974); Yang
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et al. (2013)). It allows for general criteria functions and adaptive experiment selection
rules. If an adaptive experiment selection rule is Gg+- optimal, it approximately minimizes

the criterion function when the sample size is large. Theorem 4.3 implies the following result.
Theorem 4.7 (Gg+- optimal selection). Both GI0 and GI1 are Gg+ a.s. optimal.

The above theorem indicates that the proposed experiment selection rules have the best
performance in some sense when compared with other experiment selection rules. Next, we
consider the optimality property of the MLE when combined with GIO or GI1 under the lens
of a sequential decision theory framework for the design-and-estimation problem.

Consider a loss function L(60*, 5) for an estimator @ following an active experiment se-
lection rule, and the corresponding risk Eq+ L (60", 5) The next theorem first establishes a
lower bound for the asymptotic risk for unbiased estimators and then shows that the MLE
combined with the selection rule GIO (or GI1) achieves this lower bound when the criterion

function matches the loss function.

~

Theorem 4.8 (Minimum risk for unbiased estimators). Let L(8,0) be a loss function twice
continuously differentiable in 0 satisfying that L(0, é) >0, L(6, é\) =0 if and only ifé\: 0,
and nl, =< %V%L(G*,é\) = 11, for some positive constants n and 1', and all 6 c©. Let
Hy = %V%L(O, 5) 5o Then, the following results hold.

1. Assume regularity conditions (but without Assumption 5) hold. Consider an unbiased
estimator T,, of @ following an arbitrary adaptive experiment selection rule. If the loss
function does not satisfy L(0*, 5) = (Hg«(0* — 5), 0* — 5}, we further assume for any
e >0, limsup,,_,, Ee«n|T;, — 0*|21(||T,, — 0*|| > ) =0. Then,

lim inf Eq- [n-L(G*,Tn)] > inf tr(Hg-{Z7(6%)} 7). (26)
n—00 TESA
In particular, if the squared error loss L(0, 5) = ||t9—§\|2 is used, then for any unbiased

estimator T,,, iminf, [n . MSE(T,L)} > inf csatr({Z7(0%)}71).

2. Under Assumptions 1-4, 6A and 7A, and further assume that there exists o > 0, such
that for any &, = Z,0,0 € © and x* € supp(fo.a),

)\mm(—V; log he, o(z%)) > a > 0. (27)

Assume there exists § > 0 such that Exaevy,. , [|Vglog fo.a(X)|*™ < co. Assume that
tr(He-{Z™(0*)}~1) has a unique minimizer, denoted by w*. If we choose Gg(X) =
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tr(HeX) and use the experiment selection rule GI0 (or GI1) described in Algorithm 1
(or Algorithm 2), then the MLE achieves the lower bound in (26). That is,

lim Eg-{n - L(6*,0M)} = min tr(He-{Z"(0%)} ). (28)
n—00 TeSA

In particular, if L(O,g) = |0 — §||2, the corresponding criterion function is Ge(-) =
®,(-) = tr(-). MLE combined with GI0 (or GI1) achieves the asymptotic lower bound
for n - MSE(T,) for unbiased estimator T,,.

The first part of the above theorem provides a lower bound for the risk of any unbiased
estimator combined with an arbitrary experiment selection rule. In particular, when p =
|A| = 1, it aligns with the classic Cramér - Rao lower bound for the variance of unbiased
estimators with independent observations. The second part of the theorem suggests that
the asymptotic risk of the MLE combined with the proposed GIO (or GI1) matches the
lower bound, if the criterion function aligns with the loss function. When p = | A| = 1, this
matching risk gives an extension of the classic asymptotic efficiency result for MLE with
i.i.d. data.

We note that Theorem 4.8 does not directly imply that the proposed method minimizes
risk within a class of decision rules, since the MLE is not necessarily unbiased. This scenario
is analogous to the classic asymptotic efficiency result for MLE with i.i.d. observations,
where the MLE is shown to have the asymptotic variance matching the Cramér - Rao bound
for unbiased estimators but the MLE itself is not unbiased. On the other hand, the asymp-
totic optimality of the MLE within a decision theory framework can be formalized using
concepts such as local asymptotically normal (LAN) estimators and asymptotic concentra-
tion (see Chapter 8 of Van der Vaart (2000)) in classic asymptotic statistics. The next
theorem suggests that MLE combined with the proposed experiment selection method is
also asymptotically optimal in a similar sense. Here, we omit the definitions of notations
and terminology such as “~”, “x”, and “bowl-shaped functions”, and refer readers to The-
orem 8.8 and 8.11 in Chapter 8 of Van der Vaart (2000), as the formal definitions of these

notations are lengthy.

Theorem 4.9 (Local asymptotic minimax risk). Assume ay,--- ,a,, -+ are experiments
selected following an active experiment selection rule such that a, 1 is measurable with respect
to F,, for all m. Assume that the sequence (T),(ay, X1, -+ ,an, Xp), Tn) is reqular at (0, 7) €
O x S84 for estimating parameter @, which means that for every h € R?,

h 0+

0+% . .
ﬁ(Tn—(eJr%)) NI andw, 4 m, (29)
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for some distribution Ly, and I7(0) = 3" . 4 7(a)L,(0) is nonsingular. Then, the following

statements hold.

1. (Convolution theorem) There exists a probability measure MF such that
Ly = Ny(0,,{Z7(0)} ") = M. (30)

In particular, if Lj has the covariance matriz X7, then 35 = {Z™(6)}7 L.

2. (Local asymptotic minimax theorem) For any bowl-shaped loss function ¢,

sup  liminfsup E9+%€<\/H(Tn — (0 + i))) >E((VT) > lein EL(V™), (31)

|F|<oco,FCRP "7 heF \/ﬁ

where the first supremum 1is taken over all finite subsets F of RP, and V™ ~
Np(0,, {Z7(8)} 7).

In the case where £(8) = ||0||* and Gg(-) = ®4(-) = tr(-), the second part of Theorem 4.8
together with Theorem 4.9 imply that the MLE combined with both GIO and GI1 selection

achieves the local asymptotic minimax lower bound on the MSE of estimators.

4.3 Theoretical Results Regarding Early Stopping Rules

As discussed in Section 3.2, early stopping rules are adopted in many applications to reduce
the expected sample size. In this section, we provide consistency and asymptotic normality

results for the MLE obtained at a large random stopping time.

Theorem 4.10 (Strong consistency at a random stopping time). Let @{LWL be the MLE follow-
ing the experiment selection rule GI0 or GI1, as described in Algorithm 1 and Algorithm 2,
and let 7, € N be a sequence of stopping time with respect to the filtration {F, }nez, such

that lim,, o 7, = 00 a.s. and 7, < < a.s. for each n. Then,

lim Oi‘“ =0" a.5. P,.
n—oo "

The above theorem extends Theorem 4.1 to allow for random stopping times. It suggests
that the MLE is close to the true model parameter at a large random sample size. Next,
we present the result on asymptotic normality, which enables statistical inference at large

stopping times.

Theorem 4.11 (Asymptotic normality following GIO or GI1 with an early stopping rule).
Let é\ﬁ“ be the MLE following the experiment selection rule GIO or GII1, as described in
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Algorithm 1 and Algorithm 2. Assume Fg«(7) has a unique minimizer w*. Let {c,}n>0
be a positive and decreasing sequence such that ¢, — 0 asn — oo. Let h : ® — R

be a continuously differentiable function such that Vh(0) # 0, for all 8 € ©. Consider

stopping times Tc(i) and Tc(f) defined in (9) and (10), respectively. Then, for both stopping

(1) (2)

time 1, = 1,” and T, = T¢,’, we have

VAT B2} BN~ 07) 5 N, (0,,1,). (32)
Furthermore, for any continuously differentiable function g : ® — R such that Vg(6*) # 0,

JTa(g(0M) — g(67))

[{z@m)} v gomm| % NO.1) 3

5 Applications

In this section, we provide details on the methods and theoretical results to applications
discussed in Section 1, including item selection in CAT and adaptive pairs selection in se-
quential rank aggregation problems. We also provide results regarding active estimation for

generalized linear models (GLM), which encompass many useful models as its special cases.

5.1 Active Estimation for GLM

Consider the case where the distribution of the observations falls into an exponential family
(see, e.g., McCullagh (2019)). Following the setting in Section 5 of Chaudhuri et al. (2015),

we consider the density functions

fo.a(zq) = C*(x,) exp {xazfe — Ba(sze)} , (34)

where z, € R, z, € RP, and B,(-),a € A. Assume that the support of B, is R. Under
this model, 8 serves as the unknown linear coefficient in a GLM and we are interested in
estimating it using the proposed Algorithm 1 and Algorithm 2. The Fisher information is
given by

7.(0) = B}(210)z.z, and Z(0;a,) = Y _ Bl (2].0)z4,z,,. (35)
=1

Based on the above equations, Algorithms 1 and 2 are simplified as follows.
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Algorithm 4 Simplified GI0/GI1 Algorithm for GLM
We modify the following lines in Algorithms 1 and 2, while keeping the other lines of

the algorithms unchanged.

2: Require: choose af,--- ,af such that dim(span{z,o;n =1,2,--- ,no}) = p.

? 'y

6: The Fisher information matrices used in line 6 of Algorithms 1 and 2 are calculated

using the formula (35).

Corollary 5.1. Assume the function B, has the support R, dim(span{z,;a € A}) = p, and
Assumptions 1 and 5 hold. If the above Algorithm 4 for GIO or GII is used, then all the

theorems presented in Section 4.2 hold.

Note that in the above corollary, the assumptions are greatly simplified compared to the
regularity conditions described in Section 4.1, thanks to the nice form of GLMs. It only
requires that the parameter space is compact, the true parameter is an interior point of the
parameter space, and the parameter is identifiable when using all the experiments together.
In practice, the parameter space ® may not be given in advance. In these cases, we may
specify © as a box (i.e., ® = [—r,r]P) or ball (i.e., ® = {0 : ||@|| < r}) for some large 7.
The theoretical results still apply, if the true parameter is an interior point of the parameter

space.

5.2 Computerized Adaptive Testing (CAT)

CAT has gained prominence in recent decades as an innovative approach to educational
assessment (Bartroff et al., 2008; Chang and Ying, 2009; Wainer et al., 2000). In CAT,
test items are sequentially and adaptively chosen from an item pool based on the test-
taker’s previous responses. This approach enhances test precision and shortens test length
by selecting items tailored to the test-taker’s individual latent traits. Item Response Theory
(IRT) and Multidimensional Item Response Theory (MIRT) models are commonly used to
model a test-taker’s responses (See, e.g., Chen et al. (2024), Embretson and Reise (2013), and
Reckase (2006) for reviews on IRT and MIRT models). In a binary MIRT model, a response
to an item is coded as 0 or 1, where 1 indicates that the item was answered correctly and 0
indicates the it was answered incorrectly.

Let k be the total number of items in the item pool for an educational test, and let
A = {1,---  k} represent the indices of these items. Under a MIRT model, each item
J € A s associated with a multidimensional item parameter (z;,b;), which quantifies item
properties such as the item’s difficulty and the skills it measures. The test taker is associated

with a latent trait parameter 8 € RP, typically interpreted as proficiency in p different skills.
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Given the selected items and the test-taker’s latent trait parameter, responses are assumed
to be conditionally independent. The correct response probability P(6;z;,b;), also known
as the item response function (IRF) of item j, is a function of @ and depends on (z;,b;).
For example, the commonly adopted multidimensional two-parameter logistic model (M2PL)
assumes that the IRF takes the form

P(0;2),0;) = {1+ exp(—2] 0 — b;)} ", (36)

where z; is the discrimination parameter, indicating the strength of each latent trait’s influ-
ence on the response, and —b; is the difficulty parameter of item j.

Item selection is critical for efficient CAT design. The objective is to accurately estimate
the latent trait parameter @ € R? by selecting the next item a,; € A based on previously
selected items and responses ay, Xi,--- ,a,, X,. Note that item parameters are typically
pre-calibrated based on historical data and are assumed to be known in CAT. In the rest of
the section, we provide details on applying the item selection rules GIO and GI1 under the
M2PL model. First, the density function is fg.(x) = P(0; 24, b,)*(1 — P(6; 24,b,))' ™, and

the corresponding Fisher information is

T.(0) = P(0: z4,b.)(1 — P(0; 24, b,)) 20z, and Z(0;a,) = > 7,(a)Z, (37)
acA

If the criterion function Gg(-) = ®,(+), then GI1 can be simplified as:

—q—1
a1 = argmax P(OM; z,, b.)(1 — P(OMY; 2, b,)) -zf(z(é‘ML-an)) e (39)

)
acA "

Algorithm 5 Simplified GI0/GI1 Algorithm for M2PL model
We modify the following lines in Algorithms 1 and 2, while keeping the other lines of

the algorithms unchanged.

2:  Require: dim(span{z,;a € A}) = p and choose af,---,a) such that
dim(span{z,;n =1,2,--- ,ng}) =

6: The Fisher information matrices used in line 6 of Algorithms 1 for GI0O are calculated

using the formula (37). Selection in line 6 of Algorithms 2 for GI1 is replaced by (38).

Corollary 5.2. Assume Assumption 1 holds, dim(span{z,;a € A}) = p, and criterion
function Gg(-) = @,(-). If we consider simplified Algorithm 5 for GI0 and GI1 with M2PL
model, then the conclusions for GI0 and GI1 from all the theorems presented in Section 4.2
hold.
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5.3 Sequential Rank Aggregation from Noisy Pairwise Compari-

son

Consider the problem of determining the global rank over p+1 objects. Let A C {(4,1); 4, €
{0,1,2,...,p}} be a subset of all possible pairs for comparison. At each time n, a pair
an = (ap1,0n2) € A is chosen for comparison, yielding a random pairwise comparison
outcome X,, € {0,1}. Here, X,, = 1 indicates that the object a, is preferred over a, s in
the comparison, and X,, = 0 indicates the opposite. To infer the global rank of objects,
ranking models (e.g., Bradley-Terry-Luce (BTL) model (Bradley and Terry, 1952; Duncan,
1959) and the Thurstone model (Thurstone, 1927)) are usually assumed for the noisy pairwise
comparison results. These models assume that each object ¢ is associated with a latent score
parameter 6;, the pairwise comparison result between object ¢ and object j is depending on

¢; and 6;, and the true global rank is the rank of the latent score parameters. For example,

€9i T €9j 1-—x
fo.a(z) = <m) (m) (39)

for the pair a = (7, j). For sequential rank aggregation, the goal is to design an active pair

the BTL model assumes

selection rule that determines the next pair a,,; for comparison based on the prior pair
comparison results (a1, X1, - ,a,, X,), so that the global rank can be inferred accurately.
This problem boils down to the active sequential estimation of the latent score parameters.

In the rest of the section, we elaborate on the implementation and theoretical results for
GI0 and GI1 for the sequential rank aggregation problem under a BTL model. Note that the
distribution of the comparison results only depends on the differences 8; —6; for 0 < ¢, 7 < p.
Thus, we fix 6y = 0 to ensure the identifiability of 8 = (6y,...,60,)".

When a = (i,7), we set z, = e; — e;, where {ey,--- ,e,} is the standard basis of R? and
ey =0,.

For a = (i, j), the Fisher information and the weighted Fisher information are given by

ei_ej T 691'—9]' T

a”q and I(B, an) = Z Wn(a)mzaza . (40)
a=(1,j)€A

(&

Ia(e) — —(1 + 697‘,—9]')2z

If we take the criterion function Gg(-) = ®,(+), GI1 can be simplified as

Y
(T

(p+1 = argmax —————=——
med (14 esdoymy"e

n

2! (2(0)": ) . (41)

We treat V' = {0,1,--- ,p} as vertices and A as the set of edges. Then, G = (V,A) is an
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undirected graph. Assume that G is a connected graph. This condition ensures that 0 is
identifiable when all the pairs in A are compared. Under this condition, it is possible to
select Ag = {a%,a9,--- ,al } C A so that (V, Ap) is a connected subgraph of G.

s Yng

Algorithm 6 Simplified GI0/GI1 Algorithm for BTL model
We modify the following lines in Algorithms 1 and 2, while keeping the other lines of

the algorithms unchanged.
2: Require: The subgraph (V,{af,--- ,a) }) is a connected graph.
6: The Fisher information matrices used in line 6 of Algorithms 1 for GIO are calculated

using the formula (40). Selection in line 6 of Algorithms 2 for GI1 is replaced by (41).

Corollary 5.3. Assume that Assumption 1 holds, G is a connected graph, and the criterion
function Gg(-) = ®4(-). If the above Algorithm 6 for GI0 or GI1 is used, then the conclusions
for GI0 and GI1 from all the theorems presented in Section 4.2 hold.

6 Technical Challenges, New Analytical Tools and a
Proof Sketch for Theorem 4.3

In this section, we highlight the key technical challenges in proving Theorem 4.3 and in-
troduce new analytical tools to address these challenges. The primary challenge lies in
demonstrating that GIO/GI1 effectively balances the trade-off between exploration and ex-
ploitation, a well-known concept in the literature on sequential decision making involving
unknown parameters. Exploration means sufficient sampling of all relevant experiments
to ensure consistent parameter estimation. Exploitation means optimally sampling exper-
iments once the parameter has been accurately estimated. Below, we discuss these two

facets—exploration and exploitation—in the context of active sequential estimation.

6.1 Exploration

In order to have a consistent estimator, the selection rule needs to sample relevant experi-

ments sufficiently often. This is formalized by the following condition,

ny = max minn, — 0o as n — 0o, (42)
SCA:S is relevant a€S

where n, = |[{i;a; = a,1 < i < n}| for a € A. Here, we say that a set of experiments S

is relevant if ) _o7Z,(0) is nonsingular for any 8 € ©. If S is relevant, then the model
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parameter is identifiable when all the experiments in S are sampled. Equation (42) says
that at least one of the relevant sets of experiments needs to be sampled infinitely often, in

order to have a consistent estimator.
Challenge 6.1. Show that n; — oo as n — oo following GI10/GI1.

We note that in related sequential design problems, exploration is usually achieved by
incorporating an extra exploration step in the experiment selection rule. For example, in
active sequential hypothesis testing problems (see, e.g., Chernoff (1959); Naghshvar and Ja-
vidi (2013)), a two-stage algorithm is often utilized, where the first stage is designed for
exploration and the second stage is designed for exploitation. Another prevalent method for
ensuring sufficient exploration is the use of the epsilon-greedy algorithm in reinforcement
learning and multi-armed bandit (MAB) problems, where all available experiments are sam-
pled with a minimum probability of €. For methods that incorporate an explicit exploration
component, verifying (42) is usually straightforward. However, for algorithms like GI0/GI1,
which are greedy and lack an additional exploration component, proving (or disproving)
Equation (42) is much more challenging.

Nevertheless, we tackle Challenge 6.1 and establish the following proposition concerning

sufficient exploration for GI0 and GI1.

Proposition 6.2. Under reqularity conditions described in Section 4.1, both GI0 and GI1
satisfy that liminf, ., 2L > 0.

Below, we discuss the heuristic ideas for justifying the above proposition, while clar-
ifying the rigorous proof is much more involved. Let A,.x = argmax,c4n, be the set
of experiments that are most frequently selected. A key observation is that the inverted
Fisher information, through its directional derivatives in experiment selection rules, acts as

a reqularizer, which means that if n,,.,/n; is large enough, then we can show that
alamFén (fn) > ala/IFé\n (ﬁn) (43>

for all a™ € Ay and some o’ ¢ Ap.x, where
. _ 0 ~ -
0F5, = (T —Tn 3G, [{ D_m(@)L.(8)} ]|, )
acA

denotes the directional derivative along the direction I, = 7, ; — 7,. This implies that no
action from A, will be selected and the ratio n;/n is bounded from below, if we follow

the experiment selection rule a,;, € argminge4 9, Fg (7). According to Equation (7) and
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additional asymptotic analysis, this experiment selection rule based on directional derivatives

is asymptotically equivalent to GI0 and GI1, and, consequently, Proposition 6.2 holds.
Note that (43) itself is challenging to prove, for which we first prove that the following

decomposition of the information holds: f]n =7 (én, a,) = A+ E, and A, FE satisfy:

1. A= ZaeA,%ﬂzU 2274,(0,) and E = ZaeA,%dj 22 74(6y), for some U > 0.
2. A is a singular and positive semidefinite matrix.

3. E is a positive semidefinite matrix and the maximum eigenvalue of FE is much smaller

than the smallest non-zero eigenvalue of A.

4. There exists a’ € A such that n, < n; and Ia/(HAn) ¢ R(A), where R(A) denotes the

column space of A. This implies

liminf tr (VG (£0)(A + B) T (8,)(A+ E)!| = 0.

| E[|—=0

5. For all a™ € Amax, Zun (0,) € R(A). This implies

limsup tr [VG@I (f)n)(A + E)*lIam(an)(A + E)*l} < 0.

1 E[|—0

We treat A as the dominating term and E as a small perturbation when using the above
matrix decomposition. With additional matrix perturbation analysis of 3! = (A + E)!
around its non-continuous point A, a careful use of the Davis-Kahan sin © theorem (Yu et al.,
2015), and additional iterative analysis, we can show that tr [Vng(in)flglIa/(é\n)igl] >
tr [VGé\n(in)iglIam(én)flgl} for all a™ € Apax. This, along with Equation (7) implies
(43).

6.2 Exploitation

In active sequential estimation, optimal exploitation requires frequency of the selected ex-
periments to approximate the optimal proportion w* = arg min,cs4 Go-({Z™(6*)} '), when
the estimator is accurate enough. In related sequential decision problems, such as active
sequential hypothesis testing, optimal exploitation is commonly attained through a ‘plug-in’
method. This method assumes the estimator is accurate and replaces 8* with the estimator
for calculating the proportion for the subsequent sampling. The ‘plug-in’ method’s the-
oretical analysis usually combines the consistency result with the optimization problem’s

continuity. However, this approach does not work for GI0/GI1 algorithms, which optimize
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one-step-ahead information gain over the discrete set A, rather than the probability simplex
S#4. Consequently, it is challenging to determine whether GI0/GI1 approximately solve the
long-term optimization problem arg minFg«(7r) over the probability simplex. This issue is

divided into two specific challenges:

Challenge 6.3 (Noiseless case). For GI0 selection (2) and GI1 selection (3) with 6, =0, =

-+ = 0%, do we have the convergence lim,,_, ., Fo«(7,) = Fg«(7*)?

Challenge 6.4 (Noisy case). How does the difference between §n and 0% affect the conver-
gence of the algorithms?

Challenge 6.3 is roughly addressed using the following arguments. First, we can show

that Fg-(-) is convex. By Jensen’s inequality, we obtain that

N s+ o n) — Fou(n) < (1= ) {Fo- () — For ()},

Fo- (

Notice that by Taylor expansion, for any 7 € S*,

n—1_ 1 _ _ 1 1_
Tp_1 1 Eﬂ-) — Fo- (7Tn_1) = <VF9* (7l'n_1), Eﬂ- - Eﬂ-n_1> + O(l/nQ)

Fo (

The first term on the right-hand side of the above equation is linear in 7 over the sim-
plex SA. Thus, its minimum is achieved at a point mass at o' for some a' € A, i.e.,
w = 0y = (I(a = @))sea. It can be shown that the solution to the optimization
arg ming e 4 <VIF9* (Tn_1), %6(1/ — %fn_1> coincides with the selection rule GI1 if we replace
the MLE with 6* (see Equation (3)). Let a? and al be the experiments selected by GIO
and GI1 (with the MLE replaced by the true parameter), respectively. Combining the above

analysis with the definition of GIO, we obtain

0 . . _ 1 1_
]Fg* (f%") — ]Fg* (71'*) < Fg* (fzn) — Fg* (7‘[’*) = min <VF9* (Tfn,l), ﬁéa/ — ﬁﬂ'n,1> + O(l/nZ)

a’'eA
el o+ %71'*) B (m*) + O(1/n?) < (1 — %)(Fg* (1) — Fou(m%)) + O(1 /n2).

The above display suggests that the distance Fg«(7r,,_1) — Fg«(7*) is reduced at the factor
1 —1/n for GI0 and GI1 under the noiseless case. With additional iterative analysis, we
can further show that Fg-(7,) — Fe«(7*) < O(logn/n). Consequently, the frequency of the
selected experiment converges to the optimal proportion.

On the other hand, the above heuristic analysis does not justify the convergence of the
algorithm in the noisy case (Challenge 6.4), nor does it provide the convergence rate. We

address these challenges by establishing and using a modified Robbins-Siegmund theorem,
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which extends the classic result by Robbins and Siegmund (1971), to the stochastic process
Zn = F@* (fn) — Fg* (71'*)

7 Simulation

In this section, we present two simulation studies. The first assesses the finite sample per-
formance of the proposed methods under the setting of Example 1. The second is concerned
with situations where p or |A| is large. Throughout the section, we choose the criterion
function Go(X) = ®,(X) = tr(X) for GI0 and GI1. Due to the page limit, we leave some

detailed specifications and additional simulation results in the supplementary material.

7.1 Simulation Study 1

We first evaluate the performance of the proposed methods under the settings of Example 1.
Specifically, let p = 2, A = {1,2,3}, and fo1(1) = 1/(1 + e~ 010 £0(1) = 1/(1 + e~%)
and fo3(1) = 1/(1 4 e~ 1/2402)) " Also, let ® = [—3,3]? in this section.

We start with illustrating the optimal proportion 7w*. According to Theorem 4.3, the

optimal proportion for experiment selection is

" = (7*(1),7"(2), 7" (3)) = arg Tfrelgfll Fo:(7) = arg 7{2;3 tr {Z7(6%)7'}. (44)
Note that 7* is dependent on the true model parameter 6*. Figure 1 illustrates the de-
pendency between 7* and 6, while fixing 7 = 1. From the figure, we see that the optimal
proportion varies as 6y changes. Additionally, for relatively small 6, all three experiments
have non-zero optimal proportions. However, for large 0y, 7*(3) stays at zero, meaning that
experiment a = 3 is unnecessary in this case.

Next, we investigate the empirical proportion of selected experiments following the pro-
posed methods. Recall that the empirical proportion is defined as 7, (a) = %‘{z, a; =a,1 <
i < n}

0* = (1,0)” and plot the sample path of T,(a) against different sample size n following

, for a € {1,2,3}. We generate data from the model with the true parameter

GIO and GI1 in Figure 3. We clarify that the values of the empirical proportion in the
figure are obtained without averaging. That is, they are based on a Monte Carlo simulation
with only one replication. From Figure 3, we can see that the empirical proportions are
approximating their respective optimal values as n increases, for both GI0 and GI1. This is
consistent with Theorem 4.3, which states that the empirical proportion almost surely con-

verges to the optimal proportion. We also observe that the selections made by GI0 and GI1
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are almost identical. This may be due to the fact that they are asymptotically equivalent
(see Equation (7)), and they are initialized with the same random seed.

Now, we evaluate the estimation accuracy of MLE following the proposed GI0 and GI1,
and compare it with other experiment selection methods. The estimation accuracy is quan-
tified using the estimated MSE, defined as MSE, = % Z;VZI H@l\f} — 0*||?, where N = 20000
is the number of Monte Carlo replications and @XJL is the MLE from the j-th Monte Carlo
experiment with the sample size n. We compare GI0 and GI1 with the following experiment

selection rules:
1. Uniform selection (Unif): a1 is uniformly sampled from A.

2. Random optimal proportion selection (Opt_random): a,; is sampled randomly from

A according to the optimal proportion 7w*. That is, P(a,+1 = a|F,) = 7*(a) for a € A.

3. Deterministic optimal proportion selection (Opt_deterministic):

Qpy1 = arg minaGA{fn<a) — 7" (CL)}

We clarify that both Opt_random and Opt_deterministic methods require knowledge of the
unknown parameter 6%, so they are not implementable in practice. These methods serve
as ‘oracle’” benchmarks allowing comparison with the proposed methods. Figure 2 depicts
the estimated MSE as a function of the sample size n for different experiment selection
rules. According to the figure, GIO, GI1, and Opt_deterministic perform very similarly and
outperform both Unif and Opt_random. These findings are consistent with Theorem 4.8.
Finally, we check the finite sample validity of the normal approximation of the MLE.

According to Theorem 4.5 and Theorem 4.11, for large n and small c,

1
AN + — 7,

L ey

and dT@T\fL +Zyn-c (45)

give approximate 1 — « confidence intervals (Cls) for d”'0 where d € R? is nonzero and the
stopping time 7. is defined in (9) with h(@) = d70. Table 1 shows the coverage probability
of the above Cls at different sample sizes, following GI0 or GI1, where we set a = 0.05,
d = (—0.5454216, —0.8381619)” and 6* = (1,0)”, based on a Monte Carlo simulation. From
the table, we see that the coverage probability is close to the confidence level 1 — o for
reasonably large n and the random stopping time 7.

We have also performed additional simulation studies and produced histograms of the

estimators. These additional simulation results are given in the supplementary material.
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n 25 50 100 70.1
GIO | 0.981 | 0.954 | 0.951 | 0.955
GI1 | 0.977 | 0.958 | 0.959 | 0.938

Table 1: Coverage probability for CIs based on (45), where the number of Monte Carlo
replications is 1000. The Monte Carlo standard error for the values presented in the table is
upper bounded by 0.007626.
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Figure 1: Optimal proportion 7* as a

function of 0y, where the true parameter Figure 2: MSE of the MLE as sample size

. n varies.
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Figure 3: Empirical proportion 7,(a) and the optimal proportion 7(a) for a = 1,2, 3.

7.2 Simulation Study 2

In our theoretical results, we assumed that | A| and p are fixed and n grows to infinity. In this

simulation study, we investigate the impact of large |.4| and p on the computational time and

the performance of the proposed methods. Consider the sequential rank aggregation problem

described in Section 5.3. We simulate the pairwise comparison results from a BTL model

(see Equation (39)). Each coordinate of the true value of @ € RP are sampled independently

from a uniform distribution ¢ (—2,2). We vary the value of p and |.A|, with p and | A| ranging
p(p+1)

from 25 to 500 and from p to =5, respectively. The computation time is given by Table 2.
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p=25 p =50
k=25 k =52 k=325 k =50 k=102 k= 1275
GI1 non-parallel | 0.676 sec | 0.430 sec 0.416 sec 0.963 sec 0.489 sec 1.046 secs
GIO0 parallel 1.328 secs | 1.070 secs 1.784 secs 1.639 secs 1.963 secs 10.296 secs
GIO non-parallel | 1.079 secs | 1.325secs 4.790 secs 3.202 secs 5.030 secs 33.430 secs
p = 100 p = 500
k =100 k =202 k = 5050 k = 500 k = 1002 k = 125250
GI1 non-parallel | 2.028 secs | 1.358 secs | 10.758 secs | 1.387 mins | 57.900 secs 2.03 hours
GIO parallel 6.736 secs | 9.594 secs | 3.240 mins | 34.322 mins | 1.168 hours 6 days
GI0 non-parallel | 19.45 secs | 35.065 secs | 12.992 mins | 1.925 hours | 3.843 hours | about 20 days

Table 2: The computation time for solving the MLE and selecting a new experiment at a
single time point, based on 100 Monte Carlo replications, is recorded for the non-paralleled
GI1 algorithm as well as for the non-paralleled and paralleled versions of the GIO algorithm.
For each value of p, k = | A| takes values in p, 2(p 4+ 1), and @. All computations are
carried out on a MacBook Pro (13-inch, 2019) equipped with a 1.4 GHz Quad-Core Intel

Core i5 processor.

Based on Table 2, the non-paralleled GI1 is much faster than both the non-paralleled and
paralleled GIO when both p and |A| are large. This is consistent with Lemma 3.1.

We also perform additional Monte Carlo simulations to assess the estimation accuracy of
the proposed methods, and to study how the choice of r in @ = [—r, r]? affects the accuracy.
Due to the page limit, details of these additional simulation studies are postponed to the

supplementary material.

8 Real Data Example

We apply the proposed methods to a sushi preference dataset (Maystre and Grossglauser,
2017). This dataset contains feedback from 5,000 participants who ranked 10 different types
of sushi, selected from a total of 100 types of sushi. Similar to the data pre-processing steps
in Maystre and Grossglauser (2017), we first transform each 10-item ranking into pairwise
comparison results, yielding (120) x 5000 = 225000 pairwise comparison results. We fit the
BTL model described in Equation (39) with ® = [—3, 3]? using all pairwise comparison data
and treat the MLE of 8 as the ground truth. Under this setting, p = 99, and |.A| = 4809.
We note that |A| < (120) due to the absence of comparisons for some pairs in the dataset.
We vary the sample size n and compare the performance of the proposed GI0 and GI1
with two other experiment selection methods: uniform sampling and uncertainty sampling.
Uncertainty sampling is a popular approach for active learning. In the context of sequential

rank aggregation (see Maystre and Grossglauser (2017)), uncertainty sampling refers to
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sampling the pair that is most difficult to distinguish. That is,

(py1 = arg max [min{l — 5. ., f5 a(O)}] =arg min {|0,,;—0,,|}. (46)

acA m n a=(i,j)€A
The performance of the experiment selection rules is measured through the Kendall’s 7
correlation, which is often used to measure the accuracy of ranking algorithms. Specifically,

define Kendall’s 7 correlation as

1
T(Q\m 0*) = (100) Z sign(é\m — énj) - sign (0] — 0;),

2 =
1<i<5<100

where sign denotes the sign function, én denotes the MLE based on n observations, and 8*
is the ground truth obtained using the MLE based on all 225000 comparisons.

Figure 4 illustrates the Kendall’s 7 coefficient for GI0, GI1, uniform selection and uncer-
tainty sampling for different number of comparisons n, based on a Monte Carlo simulation
with 100 replications. From Figure 4, GI0 and GI1 behave similarly, and both outperform
uniform selection and uncertainty sampling. Additional details of the Monte Carlo simula-

tion are provided in the supplementary material.
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Figure 4: Comparison of different selection methods through Kendall’s 7 coefficient. The
averaged Kendall’s 7 correlation between 8* and MU versus the number of comparisons
is plotted, along with the first and third quartiles, following different active experiment
selection methods.
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9 Conclusion and Further Discussion

In this study, we consider the problem of efficient sequential design for active sequential
estimation. This problem has widespread applications across different fields; however, a
systematic statistical analysis is lacking for the multidimensional case. We introduce a
class of experiment selection rules that not only covers existing methods but also presents
new approaches with improved numerical efficiency. Furthermore, we provide theoretical
analysis including the consistency, asymptotic normality, and asymptotic optimality of the
MLE following the proposed selection rule. These findings are also extended to scenarios
involving early stopping rules, which are commonly used in practice. The theoretical results
are highly non-trivial, and standard techniques in the literature of sequential decision making
and stochastic control are not applicable. We have developed new analytical tools to tackle
the theoretical challenges, which are important on their own and may be reused for other
related problems.

The current study can be extended in several directions. First, in some applications,
different experiments are associated with varying sampling cost. The current method may
be extended to incorporate the sampling cost in the experiment selection rules. We expect
similar analytical tools can be used in the theoretical analysis. Second, theoretical results can
be extended to the case where p and k slowly grow to infinity as n grows. On the other hand,
the consistency results do not hold under the high-dimensional setting where p > n. Some
modifications to the estimation and experiment selection methods are necessary to ensure
valid statistical inference in this case. Third, nuisance parameters may be present in some
applications, where we are only interested in estimating part of the parameter efficiently. In
this case, the proposed GIO and GI1 still lead to a consistent and asymptotically normal
MLE. However, the estimator may be asymptotically inefficient when there are redundant
experiments measuring nuisance parameters. Of interest is how to design an experiment
selection rule and an estimator to achieve asymptotic optimality. This is worth further

investigation.
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Supplement to “Globally-Optimal Greedy Experiment

Selection for Active Sequential Estimation”

This supplement contains additional simulation results, specifications for simulation and real

data analysis, and technical proof for all the theoretical results.

10 Detailed Specifications for Simulation Studies

In this section, we provide detailed specifications for the simulation studies in Section 7.
Recall that Go(X) = tr(X) throughout the simulation study.

10.1 Detailed Specifications for Section 7.1
10.1.1 Algorithm for Solving the Optimal Optimal Selection Proportion

To solve the optimal selection proportion 7* numerically, we apply the projected gradient
descent algorithm over the simplex S (see, e.g., Chen and Ye (2011)). Let Psa denote the
projection operator onto the simplex S4. Initializing my = (3, 3, 5), the iterative algorithm
is given by

i1 = Psa(m, — nVFe«(m,)),

where the learning rate 7 is set to 0.001 and the maximum number of iterations is set to

10000.

10.1.2 GIO and GI1 Implementation

When implementing GIO and GI1, the first two lines of the algorithm requires the input 50

and af, - - - ,ay . Here we specify 0, = (0,007, ng=9,and a1 =ay = ay = 1, ay = a5 = ag =
2, and a3 = ag = a9 = 3.
Additionally, the MLE is solved using the R function glmnet function from the R package

glmnet with the constraint ©® = [—3, 3]°.

10.1.3 Coverage Probability for Cls

The coverage probability of confidence intervals described (45) is estimated as follows:

[r@m) "a

), for n € {25, 50,100},

n

1 — - T
- 1(\dTeg —drer| < 2o
N; Vi
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and

N
1 N »
= ZI(W@;C —dTO| < Zo)y c),
j=1
where NV = 1000 is the number of Monte Carlo simulation, 07 and 97 are the MLE obtained

in the j-th Monte Carlo replication with the sample size n and 7, respectlvely.

10.2 Detailed Specifications for Section 7.2

Let ® = [—-3,3]". To solve for the MLE (constrained in ©), we use the glmnet function
from the R package glmnet. The computation time shown in Table 2 is determined using
RStudio.

10.2.1 Sampling of A

For a sequential rank aggregation problem under a BTL model, the graph G =
({0,--- ,p}, A) needs to be a connected graph for the identifiability of the model param-
eter (see Corollary 5.3). This implies that A needs to satisfy some condition rather than
being an arbitrary set of pairs to ensure the identifiability of the problem. Below we describe
the random sampling scheme of A used in the Monte Carlo simulation which ensures the
connectivity of G. Note that |A| € {p,2(p+ 1), 2 p+1 PE=1 in the simulation study.

o If|A| = p (1) , G is a fully connected graph, meaning that A collects all the pairs among
the p+1 obJects. In this case, A is fixed throughout the Monte Carlo simulation.

o If |A] = p, a connected G is equivalent to that G is a minimal spanning tree for a
fully connected graph. In this case, we sample G uniformly from all minimal span-
ning trees in the Monte Carlo simulation. This is implemented using the function

sample _spanning tree from the R package igraph.

o If |A| = 2(p + 1), we restrict G to be 4-regular, which means that each node from
{0,1,--- ,p} has exactly 4 neighbors. In this case, we sample G uniformly from all
4-regular graphs. This is implemented using the function sample k regular from the
R package igraph.

0

10.2.2 Initial estimator 50 and experiments a{,- - s Uy

For implementing GI0 and GI1, we set §0 = 0 in Algorithms 6.
According to Corollary 5.3 in Section 5.3, the initial experiments needs to be selected

so that Gy = ({0,--- ,p},{a, -+ ,a), }) is a connected subgrpah of G. Here, elements of
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{al,---,a) } are not necessary to be distinct. Throughout the Monte Carlo simulation, we
set ng = 4p, and sample GGy randomly using the following steps and collect the edges in Gg

to form the set of initial experiments {af,--- ,a) }.

Step 1: Sample uniformly from all the minimal spanning trees from G, which is implemented
using the R function sample_spanning tree. Let ({0,---,p}, {ai™, -+, a;°}) denote
the sampled tree.

Step 2: Randomly sample 3p pairs from A without replacement. Let {a,,---,aj,} denote

all sets of pairs (possibly repeated) sampled from this step.

Step 3: {a},---,a) } = {a{",--- ,a*,al -+ ,a},} collects all the edges generated in the

first and second steps.

Among the steps mentioned above, the first step yields a connected subgraph of G with p
edges, and the second step expands this subgraph into another connected subgraph to have
at most p + 3p = 4p edges.

10.2.3 Algorithm Acceleration

The accelerated GI1 algorithm (as described in Algorithm 3) is employed for GI1 selection,
because in sequential rank aggregation problem the information matrix can be decomposed
into a structure that is both sparse and of low rank with s = 2 (see Lemma 3.1). To accelerate

GI0 Algorithm 6, we parallel the calculation of (2) when |A| is large.

11 Detailed Specifications for the Real Data Analysis

in Section 8

11.1 Data Structure

The transformed dataset contains 225000 pairwise comparison results. We list these compar-
ison results as the dataset D = {(a®, X@)}L where T = 225000, a”) indicates the pairs
to compare and X @ is binary, indicating the corresponding pairwise comparison result. We

note that D is a multiset, meaning that it may have repeated elements.

11.2 Sequential Sampling of the Pairwise Comparison Data

We note that, for the real data analysis, each element in the data set D is sampled at most

once, to prevent the redundancy of using the same data points multiple times. As a result,
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when we implementing an active sampling scheme for the real data analysis, we will always
sample elements from D without replacement.

Specifically, for all the experiment selection methods compared in this section, we set
no = p = 99, and generate the initial experiments {a?,- - ago} randomly following the Step
1 procedure in Section 10.2.2. For each j € {1,2,--- ng}, we sample the initial pairwise
comparison results as follows: we sample s; uniformly from {i : al) = a?, 1 <i<T}. Then,
the initial pairs and comparison results are given by (a(**), X)) ... (a(sn0) X (n0))  This
gives the initial data (af, X1),- -, (ah,, Xn,).

Let Spg = {81, ,8no}, [T] ={1,2,---,T}. For each S C [T, define
Ag ={a" € A:ie[T]\S}.

Next, we provide details of the implementation of different adaptive pair selection rules for

n > ny.
Uniform sampling: For n = ng,--- ,T — 1, sample ,,,1 uniformly from [T]\ S,. Let S,11 = S, U {sn11}
The (n + 1)—th pair and comparison result (a,;1, X,+1) is given by (a(n+1) X (sn+1)),

GIO and GI1: For n = ng,---,T — 1, calculate a,,; according to (2) and (3) with A replaced by
Ag, for GI0 and GI1, respectively. Next, we uniformly sample the index s,.; from
{i € [TI\S, : a®¥ = an;1}. Let Spy1 = Sp U {sps1}. The (n + 1)—th pair and

comparison result (a1, X,;1) is given by (an+1), X (sn+1)),

ertainty sampling: For n = ng,---,T — 1, calculate a,,; according to (46) with A replaced by Asg, .
Next, we uniformly sample the index s,,; from {i € [T|\S, : a® = a,1}. Let
Sps1 =S, U{sni1}. The (n+ 1)—th pair and comparison result (a,1, X,41) is given
by (a(S"“),X(S”“)).

11.3 Specifications for the Monte Carlo Experiments

For Figure 4, we perform a Monte Carlo simulation with 100 replications. For each repli-
cation, we sample 99 pairs of comparisons at random for initialization, and then perform
sequential sampling for following different methods using the initialization and sampling
method described in Section 11.2. We specify Gg(X) = tr(X) for implementing GI0 and GI1
and © = [—3, 3]" to solve the MLE.

12 Additional Simulation Results

In this section, we present additional simulation results.
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12.1 Additional Simulation Results for Simulation Study 1

Let the true value @ = (1,0)7. The initial estimator 8y, ng, and experiments {a?, - - an,

are selected according to Section 10.1.2. Let the sample size n = 50. Define

- VN - 67) , VN (8 - 65)

= — and 77 = =< ,
(eT{T™(60)}er)"” T (el (T ()} ey)

where é\% = (5{, @Z)T represents the MLE of 6 based on j—th Monte Carlo replication, and

N = 1000 is the number of Monte Carlo replications. That is, Z{ and Zg are i.i.d. copies of

7, = ‘/N(flfgi‘) 75 and Zp = VN (02-03) 7. In Figure 5, we plot the histogram
(7 {Z7(B))1e1)

. , (eF{zmn (Ba)}1e2)
for {Z{}}L, and {Z3}}_, following GIO and GI1.
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Figure 5: Histograms for {Z] X, and {Z] X, following GIO and GI1, and the density
curve for the standard normal distribution. The upper left and bottom left panels show the

histogram of {Z{ };VZI following GIO and GI1, respectively. The upper right and bottom right
panels show the histogram of {ZJ }L, following GIO and GI1, respectively.
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In Figure 5, the histogram closely approximates the standard normal density curve. This

is consistent with Theorem 4.4.

12.2 Additional Simulation Results for Simulation Study 2

The theoretical results in the manuscript assume that p and |A| are fixed while the sample
size n grows large. In this section, we investigate the performance of the proposed method
when p and |A| are comparable with n, and this condition is violated. We investigate the
performance of the proposed methods under a sequential rank aggregation problem assuming
a BTL model.

We consider the following simulation settings. Set p = 10 or 50. Entries of 8* are i.i.d.
and generated from U(—2,2). |A| = 2(p+1), and A is sampled uniformly from all 4-regular
graphs (see Section 10.2.1). The initial estimator and experiments are selected in the same

way as those in Section 10.2.2 except that ng is set as 2p instead of 4p.

12.2.1 Empirical and Optimal Frequency

We plot the expected value of F,, = Fg«(7,) — Fg«(7*) for different methods in Figure 6
based on N = 1000 Monte Carlo replications. Here, the optimal proportion 7* is computed
according to Section 10.1.1. From the Figure 6, we see that F}, is approaching zero when n is
large. This is consistent with Theorem 4.3. However, it is far from zero when p is comparable
with n (e.g., p = 50 and n = 150). This is expected as it becomes a high-dimensional problem

under this setting.
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Figure 6: Comparison of F,, for different selection methods (GIO, GI1, Unif selections) and
different sample size n. The left panel and the right panel show F;,, with p = 10 and p = 50,
respectively.
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12.2.2 Estimation Accuracy

o
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Figure 7: Comparison of performance of MSE for different selection methods (GIO0, GI1,
uniform selections) for the rank aggregation problem. The left panel and the right panel
show MSE with p = 10 and p = 50, respectively.

In Figure 7, we plot the MSE for the MLE at different sample size n following different
experiment selection methods based on N = 10000 Monte Carlo replications. The MSE is
not close to zero when p is relatively large compared to n, which is expected. However, GI0

and GI1 still perform much better when compared with Unif.

12.2.3 Impact of the Choice of ®

In our theoretical results, we assume the true parameter 8* is an inner point of @. In this
section, we study the impact of the choice of ® on the estimation accuracy. We consider the
following simulation setting: p = 50, each element of 6* is sampled i.i.d. from U(-2,2), A
is randomly sampled from all 4—regular graphs with N = 100 Monte Carlo simulations. As
a result, |A| = 102. We consider 4 choices of ® when solving for the MLE: ® = [—1,1]?,
O =[-2,2]", ® = [-3,3]? and © = [-5,5]P. The initial sample size is set to ng = p.

In Figure 8, we compare the Kendall’s correlation of the MLE following GI1 for different
choices of ®, and obtain the following findings.

1. For cube 2 (© = [—2,2]P), it coincides with the data generation distribution U(—2,2).

The Kendall’s 7 correlation is the largest among all cubes and sample sizes.

2. For cube 1 (© = [—1,1]P), it does not satisfy the condition 8* € © for the theoretical
results. For small sample size (n < 500), it performs similarly as cube 2. However, for

larger n, it’s performance becomes worse.

40



3. For cube 3 and cube 5 (© = [-3,3]? and ©® = [—5,5]"), they cover the true model
parameter, but are larger than the support of sampling distribution of 8*. For small
sample size, the larger the cube, the poorer the performance is. However, as the sample

size increases, the performance becomes better than cube 1.

4. Overall, the choice of 7 in ® = [—7,7]? does not seem affect the overall trend between

Kendall’s correlation and sample size.

Kendall's Correlation

03 04 05 06 0.7 038

I I I I I
0 500 1000 1500 2000

Sample Size

Figure 8: Comparison of Performance of Different Compact Cubes with GI1 Selection for the
Rank Aggregation Problem. The curves for Cubel, Cube2, Cube3, and Cubeb represent
the plot of Kendall’s 7 correlation versus sample size over compact cubes @ = [—1,1]?,
O =[-2,2]7, ©® =[-3,3]", and ©® = [-5, 5]?, respectively.

13 Preliminary Theoretical Results and Supporting
Lemmas

In this section, we present preliminary theoretical results and supporting lemmas which are
useful for the rest of the theoretical analysis. Moreover, they may be useful for other problems
involving the analysis of stochastic processes, functions of matrices, and linear algebra for

spaces indexed by a parameter.
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13.1 Useful Results for the Convergence of Stochastic Processes

The next lemma extends the classic Kolmogorov’s three-series theorem with relaxed moments
and independence conditions. It is useful for proving almost sure convergence results for

dependent stochastic processes.

Lemma 13.1 (Modified Kolmogorov’s three-series theorem). Consider nested o— fields F,, C
Fri1,m > 0. Let {X,,}5°, and {,}22, be two sequences of random variables, adaptive to

{Fn}>2,, respectively. Consider a sequence of events E,, such that

P(lirr;infEn) =P (O ﬁ Em) =1

n=1m=n
If there exists 0 < v < 1 such that,
E[| X, Ig, | Fao1] < en-1 a.s., and, ZEen < 00,
n=0
then > > | X, converges almost surely.

Proof of Lemma 13.1. Let Sy = 2711\;1 X,. It is sufficient to show that with probability 1,

lim sup |S, — S| =0.

m—o0 n,lzm

Applying C, inequality (see 9.1.a in Lin (2010)), for any 0 < v < 1, k > 1, we have

v k

< Z | Xomval” -
i=1

k

Z Xeri

i=1

For any m € N, and € > 0, applying C, inequality (see 9.1.a in Lin (2010)) and Markov
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inequality, we have

P < sup |S, — S| > 25)

n,[>m
> 2¢
keN

v
=P | sup > e
keN

k
<o (oop 3" >

keN =7

(fsrJn(,9) (A7)
<limsupP <i|xm+i|”1( ﬁ E,) > eV) +P (E)

k
E Xm—i—i
i=1
k

Z Xm+i

=1

<P (2 sup

k—oo i=1 n=m+1 n=m+1
k T
< lim Supp (Z |‘Xv’rn-‘ri|’y ](Em-I—z) > éy) +P ( ﬂ En)
k—oo =1 n=m-+1
k o
1
<limsup e Z EE {|Xm+i| Tonsi | Fosio1}] +P ( m En)
k—o0 =1 n=m-+1

Sgiﬂf iE€m+i1 + P ( _ﬁ En) )

where we used the assumption E[| X, |"Ig, | Fn_1] < e,-1 for all n for obtaining the last

inequality. Notice that

A%P(E)zl—%&P( ﬁ En>:1—IP’<[] ﬁ En>:O.

n=m-+1 n=m-+1 m=1n=m+1
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Let m — oo, we obtain that for all € > 0,

P sup |S, — Si| > 2¢

(ﬂ ot 1504 }>

= lim P ({ sup |S, — S| > 25})
m=—00 n,l>m

1 o
<t > B+ Jim B ( n E)
=0
This implies P (ﬂm21 {sup, ;> |Sn — Si| = 2e}) = 0 and completes the proof. O

Next, we extends Theorem 2.19 in Hall and Heyde (1980) obtain a law of large number

result for martingale differences which allows for adaptive experiment selection.

Lemma 13.2 (Modified Theorem 2.19 in Hall and Heyde (1980)). Let {X,,}72, be a sequence
of random variables and {F,}>°, be an increasing sequence of o—fields with X, measurable
with respect to F,, for all n. Let {a,}5°, denote a sequence of discrete random variables,
where each variable takes values from the set {1,2,... k}. Let X1, ---  X* be a sequence of
random variables such that max;<,<x E| X% < co. If the conditional distribution function of

Xn|Fno1,an = a is the same as the distribution function X* with probability 1, then

nt z”: {Xi —E(X; | Fisn)} = 0. (47)

i=1
Proof of Lemma 13.2. Let Y, = X, I x,|<n}, n > 1.
Note that E|X*| < oo for any 1 < a < k, and for any z > 0,

k
P(|X,| > x) =E P(|X,| > x| F,_1) = EZP(]XM > x| Fno1, 0, = a)P(a, = a|F,_1)

a=1

k k
=E > P(IX"] > 2)P(a, = a|F,_1) gz (X9 > z) < 0.

a=1

Similar to the proof of Theorem 2.19 in Hall and Heyde (1980), we obtain that

oo

1
—E{Y, — E(Ya|Fao1)} 2]§2 / P(|X,| > z)dx
koo 1
SQE;M/O“ \X“\>xdx<4;;P\X“|>z—1)
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Y Y, —E(Y | Fi)} 220,

=1

00 o) k 00
Y P(Xn #£Yn) =) P(X,|>n) < ZZ (X9 > n) < 0o

and

TS B F ) S0 (43)

i=1
Notice that with probability 1, as n — oo,

E([ X[ (| Xn] > n)| For)

:/ P(1X,| > @ | For)da

/ ZIED | Xy > 2 | Fuo1,an = a)P(a, = a|F,—1)dz

g/ ZP(]X“] > x)dx

=Y E(X(X°] > n))

a=1

—0.

Thus, with probability 1,

n Y B(X; =Y | Fioy))

=1

<n™' Y E(IXGII(1X| > )] Fior)

i=1

n k
<n”! Z ZE[{ | X I(|Xs| > 0)| Fir, a5 = a}P(a; = al Fiy1)]
i=1 a=1
k n

<3 BN > )

Because E|X*| < 0o, we know that lim,, ., E(|X*|I(|X*| > n)) = 0. Because the arithmetic

mean of a sequence converges to the same limit as the sequence itself, we obtain that for all
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ae{l,-- k}
lim D E(X°I(IX? > i) = 0.

n—oo N,
i=1

In conclusion, we obtain, with probability 1, that

and the expression on the right-hand side is a deterministic sequence converging to 0, which

n

Z (XX > ),

3I’—‘

)—IZEX Yi| Fir)

=1

implies that

nY E(X - Y| Fio) 250, (50)
i=1
Combining (48) and (50), we obtain (47). O

Anscombe’s theorem (Anscombe, 1952) is a classic limit theorem for randomly indexed
processes. We prove a multivariate version of Anscombe’s theorem as follows, which gen-

eralizes the univariate Anscombe’s theorem with Gaussian limit (see Mukhopadhyay and

Chattopadhyay (2012)).

Theorem 13.3 (Multivariate Anscombe’s theorem). Let {T,},>1 be a sequence of column
random vectors and {W,},>1 be a sequence of positive definite matrices satisfying multivari-
ate Anscombe’s condition, namely, for every e > 0, 0 < v < 1 there exists some 6 > 0 such
that

lim sup P ( max |1, — T, > 6)\mm(Wn)) <7

n—00 —n|<én

hold. Moreover, we assume that

su )\ma:(,‘(Wn)

< 00,

and there exists positive sequence p, — oo such that

oWy, L W, (51)

where W 1s a real positive definite matriz.

Assume that there exists a real column vector § € RP and as n — oo
W, (T, — 0) 5 N,(0,, 1,).
Consider { N, }n>1, a sequence of positive integer-valued stopping times defined on the same
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probability space where {T,,}n>1 is defined. Let {r,},>1 be an increasing sequence of positive

integers such that lim,, o 1, = 0o. If N,,/r, — 1 in probability as n — oo, then as n — oo
W, (T, — 0) % N,(0,,1,).

Proof of Theorem 13.3. For any b € RP such that ||b|] = 1, we have

VT, —60)  (W.b)T _

= W, N T, —0).
Wb Wb
Let h, = H%ZZH = IIZZ%:ZH and h = % By the continuous mapping theorem, we know that

h, — h in probability.
Recall that W, 1(T,, — 0) 4 N,(0,, I,). Hence, by Slutsky theorem, as n — oo

T T
UVb)_ i — ) = hTw (T, — 0) + (hn - h) WY T, — 0) % N(0,1).
W0
In conclusion, we know that
bI'T, — 10 4
—— — N(0,1).
W0

Note that N, /r, — 1 in probability and

IP( max b7, — 670 > ¢ HWnb|]> < IP’<| max [T, — 6] > ¢ )\mm(Wn)),

[n'—n|<dn n’'—n|<on
and

limsup]P’( max ||T,, — 0| >¢- )\mm(Wn)> <.

n—o00 |n’—n\§(5n

Applying Theorem 3.1 in Mukhopadhyay and Chattopadhyay (2012), we obtain that for any

b+# 0 and as n — oo
V'Ty, —b'0 4
———— — N(0,1). (52)
W2, 0

Furthermore, by (51), we know that
pro [We, bll = W] (53)

Thus, we know that p,, b7 (T, — ) = O,(1) for any b € R?, which implies

prn (T, —6) = O,(1). (54)
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Note that

W, (T, = 0)
1T, — 0
|e (Tn, — 0)|
—Z AT
:Op(l)v
where Ans (W)
M) R )

By Cramér—Wold theorem (see Billingsley (1999) p383), it is sufficient to show that for all
h € RP such that ||h|| = 1, we have

WTW, Y (T, — 0) % N(0, 1).

Set b, ﬁ and b = T 1’,’1’” We have h = HMW["Z"H. By the continuous mapping

theorem, we know that b, — b in probability. Notice that

W, b |

— 1| < k(W) |bn — b — 0,
(W0l ‘

which implies % — 1 in probability. Combine this with (52), we obtain that as n — oo

KW, (T, —0)

_bZ(TNn B 0) ||WT‘7Lb
bI(Ty, — )

= (1 +0,(1))

W, 0 g
:{ V' (T, —0)  (bp—0)Tp,, (Tn, — 0)
Wbl pr [Wr, bl

b1+ 0,(1)).
Combining (53), (54) and b, — b in probability, we know that

(bn — b)Tpr‘n (TNn - 9)
Pry [[W:,0]]

= op(1),
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which implies that

T _
W Ty, — ) = { T O

e op(1)}(1 +0,(1)) S N(0,1).

Thus, we know that for any h # 0, as n — oo
W, (T, — 0) % N(O, 1),

By Cramér—Wold theorem (see Billingsley (1999) p383), we complete the proof of Theorem
13.3. O

13.2 Results regarding Functions of Matrices

In this section, we provide results on derivatives of functions of matrices, and properties on

functions of a convex combination of matrices.

Lemma 13.4. Let Z,,a € A be a sequence of positive semidefinite matriz. Assume my(a) >
0,a € A (not necessary that wg € S*) such that ., m0(a') Ly is a real positive definite

matriz. Then, for all a € A we have

O weam(@) L)
or(a)

-1

_ _< S Wo(a’)za,> _1Ia( 3 Wo(a’)Ia/> . (55)

T=T0 a’€A a’eA

Proof of Lemma 13.4. By definition,

O weam(@) L)

o Cweamol@) T + eZ) ™ = (Fyeamola)Zu)™!
on(a) .

e—0 £

T=Tr0

Because ), 4 mo(a')Zy is a positive definite matrix, then for small enough €, the inverse of

Y oweaTold)Iy + €1, exists. Furthermore,

(D 7mo(d)Tw +eZ) ™ = (O mola) o)™ = —( D w00 )T +eLa) Lo > mola)Zo) ™",

a'eA a’eA a’eA a’€A
and
: / -1 __ / —1
llﬂ%(z mo(a) o +€Z,) ™ = (D mola)Zu) ™,
a’eA a’eA
which implies (55). O

Next, we will define and derive the Gateaux derivative of the criteria function ®,. For a
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real positive definite matrix 3, recall that
Dy(X) =log|X], (X)) =trX?0< g <1,
and
() = (t2(29) ", g > 1.
The Gateaux derivative Vg ®,(X) of ®, at ¥ in direction H, which is a symmetric matrix,

is defined as

Vud,(E) = lim (Bt eH) = y(2) _ icpq(z +eH)| . (56)

=0 15 de o

If the limit specified in (56) exists for all symmetric matrices H, we says that ®, is Gateaux
differentiable at 3.
The next lemma provides the Gateaux derivative of ®,. This lemma allows non-integer

values for ¢, and is thus more general than a similar result in Yang et al. (2013).

Lemma 13.5. ®, is Gateaux differentiable at any real positive definite matriz 3 for any

q > 0. Moreover, we have

tr(HX), if ¢=0,
Va®(X) = (¢ tr (Z'H), if0<q<1, (57)
(tr OV (BT H), ifg > 1,
and
—t1(Z7™1,), ifq=0,
gt ((I—")q“Ia), ifo<q<1, (58)
(@] e (@) e,

where I™ =Y m(a)Z, and T = {3, 4 W(G)Ia}_l.

00,(1°)
or(a)

Remark 13.6. Based on (57), and the Riesz representation theorem over the Hilbert space
of symmetric matrix, for any positive definite 3, there exists unique symmetric matrix

Vo, (X) = %@Q(Z)}lgmgn, such that for any symmetric matrix H of comparable size,
Vi, (5) = (V0,(5), H)

Proof of Lemma 13.5. Let ¢ = 0. By the definition of the Gateaux derivative, for any
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symmetric H and positive definite matrix 32,

e—0 g

1 log(1 4+ A log(1 4+ A o+ log(l +eN,
=lim ~log|/ + eHX ™| = lim og(1+¢eAi) +log(l +eXg) +--- +1og(l + )
e—0 € e—0 €
=AM+ Aot N) =tr(HE).

where Ai, A, -+, A\, denote all eigenvalues of HX ™! counting multiplicity.

When ¢ is a positive integer, by expanding (3 + eH )9, we have
tr((Z 4+ eH)?) —tr(29) = e - q- tr(ZT H) + o(¢).

Note that when ¢ is a positive integer

Dy (S +cH) — 3 (%)

1 q\1/q q q q Y
=—(tr ) / [(1 + (to(2 + eH)? — t2(29)) /tr(D )) - 1} 50
:i(tr(zlq))l/q—1 : [tr((z +eH)?) — tr(Eq)} + o(1)

=(tr(BN)Y L tr(BLH) + o(1).

Thus, when ¢ is a positive integer, (57) holds.

Now, consider the case when ¢ > 0 and ¢ is not an integer. Because we can not expand
(¥ 4+ eH)? and due to the lack of commutative between ¥ and H, we need some more
complicated techniques. Assume X is of size n x n. Let A\j(g) > Aa(e) > -+ > A, (e) be all
the eigenvalues of ¥ + e H. Denote the corresponding eigenvectors by wi(g), -, u,(g).

Let \; = X\;(0), and u; = u;(0) for 1 <i < n. Set \g = —00, A\, = 0.

Let A\ be an eigenvalue of 3 + e H, there exists 0 < r < s < n + 1 such that

)\r—1>)\:)\r:"':)\s>>\s+l-

Let d=s—r+1, Uy = [t, i1, ,us] and Uy(e) = [u,(g), upi1(€), -, us(e)].
By Wely’s inequality, [Ai(e) — Al < e[ [[H|[,,-
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Notice that when || is small enough, we have

tr(US (e)(Z + e H)U, (¢)) — tr(UL BU,)
=(Al(e) = AT) + -+ (Ml(e) — A7)
—)\¢ !

(<1+Ar(ei—A> _1)+m+(<1+)\S(5;—)\>q_1)} (60)
A

=g\ (A (8) = A) 4+ -+ (As(e) = ) + o(e),

and

(()‘r(g) - )‘> +eet ()‘s<5> - A))
=tr(U} (e)(2 + eH)U,(¢)) — tr(U ZU,) (61)
=e -tr(US (e)HU,\(¢)) + tr(UY () XU, (¢)) — tr(UL ZU,Y).

To proceed, we first prove the following equation,
tr((Z — M) (Ux(e) — Uy)(Ux(e) — U\)T) = tr(UY (e)ZU,(¢)) — tr(U{ ZU,). (62)
(62) is justified by the following matrix calculation,

tr (B = AD(UL(E) — U U() — UN)T) = [(UT () E0A()) — tr(UT =)
=tr ((Ux(2) = Ux)" (2 = M)(Ux(e) = Un)) — [tx(Uy ()(Z = A)UA(e)) — tr(U (2 = AU,
=—2tr (U} (e)(Z = M)U,) — 2tr (U) (E — A)U,) = 0, because (X — A )U) = 0.

Note that £ — A = (I — DUL)E - A)(I - UUT), —|[S =M, T < £ — Al <
13 — ||, I, and (Ux(e) — Ux)(Ux(e) — Ux)" is positive semidefinite, we obtain

[ tr (2 — M) (Ua(e) — Uy)(Ua(e) = UN)")|
<[IZ — M, - tr (I = UL (Un(e) — Un)(Ux(e) — Uy (I - ULUT))
= IS~ A, - tr (I - UUDUA)UL (e))
== = M, (d— [UT U]}
=|I% = M|, - (d — cos (U, Ux(e))II3)
=|I% = M|, - [sin ©(Ux, Ur()|3 .

(63)

where [[cos ©(Uy, Ux(e)) |l = ||ULUA()||
tween column spaces of Uy and U, (¢) (see Yu et al. (2015)).

is due to the definition of principal angles be-
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By Davis-Kahan theorem (see Yu et al. (2015)), we obtain

2(X+cH) - X|r

. U <
| sin @ (U, Ux(¢))||r min (A,—1 — A, As — Asy1)

= O(e). (64)
Combining (60),(61),(62),(63) and (64), we obtain

((Ar(e) = A) + -+ (Asle) = ) = & - tr(U (e) HU,(e)) + O(?), and
tr(US (e)(Z + e H)1U, () — tr(U{ BWU,) = ¢ - gA\" ' tr(U () HU,\()) + o(e).

Let P. = U,()U{ (¢) and P = U \U{, we know that

|P. — P|% = tr(P. — 2P.P + P) = 2(d — tr(P.P)) = 2(d — |UTU\(¢) ||%)

) ) (65)
=2(d = ||cos ©(Uy, Ux(¢))|p) = 2lsin ©(U, Ux(€)) [ »

and ||P. — P||, = V2 |sin ®(Uy,Ux(¢))|| = O(g). Due to ZU, = A\U,, we know that
Y1y, = \7'U,, which means that

(Ar(&) = A) -+ (Ns(8) = N) = - QAT L e (HU (e)UY (€)) + o(e)
= - QAT tr(HU\UY) 4 0(e) = e - g\ t0(U{ HUY) + 0(¢) = ¢ - ¢ - tr(B HULUY ) + o(e).

This leads to

tr((X + eH)?) — tr(29) Ztr UL(e)(Z + cH)U\(¢)) — tr(Uf U,

66
225 g tr(BTTHUL\UY) +o(e) = e - q- (27 H) + o(e), (96)

where the last equation holds due to Y, U\U{ = I.
Thus, when 0 < ¢ < 1, we know that

Vu®(E) =g tr (Z'H).
Combining the first two equations in (59) with the equation (66), if ¢ > 1, we know that
Va®,(X) = (tr(29)Y - tr(D T H).

Applying (59) again, we complete the proof of (57) in Lemma 13.5.
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By applying the chain rule and combining (55) in Lemma 13.4 with (57), we obtain that

((M)q(ziﬂ)_ o E B R —— - B
e = (VUL G ) = (VT )LL) = Voo o),

which completes the proof of (58) in Lemma 13.5. ]

Lemma 13.7. Assume I,,a € S* are positive semidefinite matrices. Consider a convex
matrix function, g, such that for any pair of positive semidefinite matrices, A and B, if
A — B is a positive semidefinite matriz (denoted as A = B), then g(A) > g(B). For any
m € SA, define

F(m) =g ({ Zﬂa)za}‘l) . (67)

acA

Then, F(m) is a convez function over the set {mw € 843" w(a)Z, is nonsingular}.

In particular, under Assumption 5, the function Fg(7) is a convex function over the set
w e S m(a)Z,(0) is nonsingular}.
SA weA Z.(0) i mgul

Proof of Lemma 13.7. Let Co = {m € 84>, m(a)Z, is nonsingular}. Assume that
w, 7' €Cy. Then, A=) _,7m(a)Z, and B =) _,7'(a)I, are positive definite.

For any 0 <t < 1,tA+ (1 —t)B is positive definite. Note that for any vector v, applying
Schur complement condition (see Theorem 1.12 (b) in Zhang (2006)), we obtain that

vT Aty T vI'B 1y o7
and
v A v B

are positive semi-definite matrices. Notice that the following matrix is positive semi-definite

vTA o7 vIB v 0T tv' A v + (1 — )" B~ vl
t +(1-t) =
v

v B v tA+(1—-t)B
by Theorem 1.12 (b) in Zhang (2006), we obtain that

A v+ (1 —t)w'B o> 0" (tA+ (1 —t)B) o
Since v is arbitrary, we have

tA '+ (1-t)B ' = (tA+ (1 —-t)B)™ " (68)

o4
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Now, we have

tF(m)+ (1—t)F(x') =tg (A™") + (1 —t)g (B
>g(tA™ + (1 - t)BY) > g({tA+ (1 —)B} ") = F(tw + (1 — t)').

This shows that F'is convex.

We proceed to the proof of the ‘In particular’ part of the lemma. Note that under
Assumption 5, there are two cases: Case 1: Go(X) = ®,(X) for ¢ > 0, and Case 2: Gg(+) is a
convex function satisfying Gg(A) > Gg(B) whenever A > B. For Case 2, we can apply our
previous analysis directly for g(-) = Gg(+), and obtain that Fg(7r) is convex. Thus, we focus
our analysis on Case 1 in the rest of the proof. By Courant-Fischer-Wely minimax principle
(see Corollary II1.1.2 in Bhatia (1997)), the i—th largest eigenvalue satisfies \;(A) > \;(B)
for any 1 <¢ <n. Thus, ®,(A) > ®,(B) for any ¢ > 0.

If Go(X) = ¢y(X) = (tr(Eq))l/q with ¢ > 1, then ®,(X) is the Schatten g—norm (see
equation (IV.31) in Bhatia (1997)), which implies that Gg(3) is convex. More generally, if
Gg(X) is convex in X, then by (67), we obtain that

Fo(m) = Go({Z7(6)} )

1S convex in 7t over

{m e 8% Z 7(a)Z,(0) is nonsingular}.
acA

If Go(X) = Po(X) = logdet 32, we know that

®o({Z7(0)} ") = —logdet() _ (a)Z.(6)).

acA

We aim to show that —logdet(A) is convex over positive definite matrices.

Notice that for any p x p positive definite matrix A,

1
—1/2<Am,m>d _ )
/Rp ¢ T T 2n)p det(A)12

By Holder’s inequality, for any positive definite p X p matrices A and B, we have

1-t

t
/ ¢~ /2t A=) B)z.w) g0 < </ 671/2<Az,z)dw) (/ 671/2<Bw,w>dw> 7 (69)
RP RP RP
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which implies that
—logdet(tA+ (1 —t)B) < —tlogdet(A) — (1 — t) logdet(B).

This shows that —logdet(A) is convex over positive definite matrices.

Thus, Fo(m) = —logdet(d_,. 4, 7(a)Z,(0)) is convex in 7 over

{m € S84 Z 7(a)Z,(0) is nonsingular}.
acA

If Go(X) = ©y(X) = tr (27) with 0 < ¢ < 1, we know that
@,({77(0)) ") = tr (Y- m(@)Z.(6))
acA

By Lowner-Heinz Theorem (see Theorem 2.6 in Carlen (2010)), we know that tr (A™7) is

operator convex, which means that for all positive definite matrices A and B,

(ta+(-0B) " <tAa (1 -nB

which implies that tr (A_q) is a convex function over positive definite matrices. In conclusion,
we obtain that Fo(w) = ®,({Z™(0)} ') is convex in 7 over

{m e &4 Z 7(a)Z,(@) is nonsingular}.
acA

13.3 Decoupling Active Sequential Sampling

The next lemma provides a decoupling result which makes it easier to analyze the likelihood

for problems with adaptive experiment selection.

Lemma 13.8. Consider deterministic sequential selection functions hpy,(-),
hm(a17 }/17 a2, Yr27 crt -1, Ym71> S A7 fOT’ m Z 27

and hy € A. Consider two random vectors generated from the following procedures.

1. (Decoupled Sampling) Independently generate { X2 }im>1.aea, where X% ~ fo o(-). Let
a; = hla Ay = h?(alv Xill)a o, Amtl = hm—l—l(ala Xf17 a2>Xg27 crt Qi X;—lnm)a e
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2. (Iterative Sampling) Let ay = hy. Generate Xy ~ fo- 4 (-). For m > 1, obtain ay,

and X,,.1 iteratively as

a{m—ﬁ—l - hm+1(a/17 le e 7a;n’ Xm)’
then  generate X, 11|Fm ~ f@ya;n_'_l, where  the o-algebra F,, =
U(alla X17 al27 X27 ) alma Xm)
Then, the random vectors (Xi*, -+, X% ay, -+ ,am) and (X1, , Xy, al, -+, al,) have the

same distribution for all m > 1.
Proof of Lemma 13.8. We prove the lemma by induction. When m = 1, we know that
a; = hy = a}, and Xj|a] and X{'|a; have the same distribution. Thus, (X{*' a;) and
(X1, a}) have the same distribution.

By induction, assume that when m = n, random vectors (X7, X52, -+, X% aq, - ,ap)
and (X1, Xo, -+, X,,,a}, -+ ,al) have the same distribution.

Let m = n + 1. Define X! = {X8}1<icnaeca, and a” = (al, -+ ,a") € A". The density
of X is given by

fo(X;1) = [T T fou(XD).
i=1 a€A

Let a,, = (a1, ,a;), where aq,-- - , a,, are obtained from the decoupled sampling. Given

X;L“, the conditional probability mass function of a, and a,,; are
fo(a™| X =1(a' =ay,--- ,a" = a,) and fe(a" ™| X)) =1I(a' = ay,--- ,a"™ = anp1),

where we used the fact that the {a,;, }1<m<ns1 is measurable with respect to o(X:). As a

result, the joint density functions for (X ;147 a,) and ( erlﬂa Q1) are
fg(X;:‘, an) - H H fe,a(Xf)I(al =ay, - 7(1"1 — an)
i=1 acA

and

fo(Xihy,am™) = fo(X; a®) ] fou(Xpi) (@™ = ansn).
acA

Thus, given X;' and a,, the condition density for {X% ;}oca, Gni1 is

fB({XZ—&—l}aGA? an+1|X;147 an) = H fe,a(Xg—i-l)](an—i_l = an-l-l)'
acA

Note that api1 = hnp1(ar, X{ a0, X52, -+ an, Xo). So fo({ X1 aea, a7 XA, a™) de-
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pends on X, a" only through a;, X', - - , a,, X2.
Define o-algebra F,, = o(a, X{*, -, a,, X2). Because fo({X2, 1 }aea, a1 X2, a") is

measurable in F, we have

fo({ X741} aca, a" U F) = Jo({ X011 }aea, an+1|X;L47 a,) = H f9,a(XS+1)I(an+1 = pt1)
acA
(70)

We have X {ar, X7+ an, X3} ~ foan,(+), and any1 = hplar, X7, an, X0).
Recall that X, q|[{a}, X1, -+ ,a,, X} ~ fou . (), a1 = hpla], Xy, -+ ,a,,X,), as

)’ 'n)

n+1 )y 'n
well as the induction assumption that random vectors (X{*, X52,--- , X% ay,--- ,a,) and
(X1, Xo, -+, Xp,d, -+ ,al) have the same distribution. Consequently, random vectors
al a2 Gn+1 / /
(X7, X592, - XM an, -+ apg) and (X, Xo, -+, Xpga,al, -+, a),, ) also have the same

distribution. We complete the proof of Lemma 13.8 by induction.
O

13.4 Results on Linear Spaces Indexed by a Parameter

Linear spaces spanned by the Fisher information play a crucial role in the proof of the
theorems. Note that the Fisher information matrices are depending on the parameter 6. In
this section, we present useful linear algebra results where the linear spaces are indexed by
a parameter.

Recall V(0) = 3_ o R(Z4(6)), and Z,(0) is the Fisher information matrix at the param-
eter @ with the experiment a. Throughout the section, we only used the property that Z,(0)
is a positive semidefinite matrix and is continuous in @, for all a € A, which is guaranteed
under the regularity assumptions in Section 4.1. The results in this section still hold even
when Z,(60) is not the Fisher information matrix, as long as it is still positive semidefinite

and continuous in @, for all a € A. We do not require any further assumptions.

Lemma 13.9. For all Q C A, and x, > 0,a € @), we have

dim(V5(8)) = rank (ZxaIa(9)>.

acq®

Proof of Lemma 15.9. Tt suffices to show that Vy(6)* = ker(,co7aZa(0)). This equation
holds because u € Vy(0)* if and only if (Z,(0)y,,u) = 0 for all a € Q and y, € R?, if and
only if Z,(0)u = 0 for all @ € Q, if and only if u7Z,(0)u = 0 for all a € Q, if and only if
uT(ZaEQ 2,2,(0))u = 0, if and only if u € ker(}_ o 2.Za(0)). O

Lemma 13.10. Assume © is a path connected and compact set. The following statements

are equivalent:
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1. for all Q C A, dim(V(0)) does not depend on 8,
2. for all Q@ C A, rank(y_,.,Za(0)) does not depend on 0,

3. there exists 0 < ¢ < ¢ < 00, which does not depend on Q, such that
¢ Py,g) = ZIa(G) =C- Py,),7Q C A,
where Py denotes the orthogonal projection matrix onto vector space V.
Proof of Lemma 15.10.

1 <= 2 This equivalency holds because dim(V(6)) = rank(}
Lemma 13.9.

aco La(8)), according to

3 = 2 ForQCA, let 7(0) =rank(}_,.,Za(0)). Also, let

r =suprank( ) Z,( 71
(20 m

By the definition of supremum, there exists 8y € © such that

r—1/2< rank(ZIa(Oo)) <
acq®

Because the rank of a matrix can only take integer values, we know that rank(}_ ., Za(60)) =
r. Let u(A) > pa(A) > --- > p,(A) be the eigenvalues of a positive semidefinite
matrix A. Applying Courant—Fischer—Weyl min-max principle (see Chapter I of Hilbert
and Courant (1953) or Corollary I11.1.2 in Bhatia (1997)) to ¢ - Pyye) = X ,cqZa(0), and
r(0) = dim(Vy(0)) (see Lemma 13.9), we obtain

9) ZI > ,u,, (C'PVQ(9)> =Cc> O,VO € 0. (72)
acq@

Applying Courant—Fischer—-Weyl min-max principle to ZGEQ 7,(0) 2 ¢- Py,e), and r(0) =

Q
dim(V(@)), we obtain

pr0)41(>_ Za(0)) < pino)+1( - Pyyip)) = 0,76 € ©.
ac@
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We will prove (@) = r for all 8 € © by contradiction. Assume, in contrast, that there
exists 1 = r(6;) < r(6y) = r. Then, there exists a continuous path h : [0,1] — © such that
h(0) = 6y, and h(1) = 6. Set

u(t) = Mr(zza(h(t)>)

acq®

Note that u(0) = 11,(3_,cq Za(60)) > c and u(1) = p,(3_,c Za(01)) = 0. Because u(t) is a
continuous function in ¢ € [0,1], by the intermediate value theorem, there exists ¢’ € (0, 1)
such that u(t') = ¢/2.

Let 0, = h(l'). Because pi,(3_,c0 Za(62)) = ¢/2 > 0, we know that rank(}_,coZa(02)) >
r. By definition (71), we know that rank(>_,.,Za(02)) < r. Thus, r(62) = r. However,
1r(82) (D aco Za(02)) = ¢/2 contradicts inequality (72). This completes the proof that r(6) =
r for all 6 € ©.

2 — 3 For Q C A, define

Cmin(Q) = min A, ( Z Za( > , and Cpe.(Q) = max Aoz ( Z Zo( )

0cO
acqQ aeqQ

where A,,;, and A,,,. represent the smallest and largest non-zero eigenvalue of a positive
semidefinite matrix, respectively.

Because rank(}_,c;Za(6)) does not depend on 6, let r = rank(}_,.,Za(0)). Let
A)(Daeq Za(0)) denote the s—th largest eigenvalue of ., Z,(0), s = 1,2,---,p. Note
Dt Ay Zu(0)) = A (Cacg Zu(8) a0 Ao Cacg Z0)) = AT Z(6).
Now, we know that A,,;, and A,,,, are continuous functions provided rank(ZaeQ 7.(0))
does not depend on 6, and Z,(0) is continuous over compact set ©. Thus, 0 < ¢in(Q) <
Cmaz(Q) < 0.

Recall that Vg(0)t = ker(d_,c0Za(6)) from Lemma 13.9. Because for the positive
semidefinite matrix Y, Za(0), ker(3,c0Za(0))" = R(D e Za(B)), We obtain Vi(8) =
R(DucoZa(0)).

Applying eigendecomposition of ), Z.(8), we have

szn(Q) : PVQ(O) j ZIa(e) j Cmam(Q) : PVQ(O)-
acq®

Set ¢ = mingec 4 Cmin(Q) and € = maxgca Cmax(Q). Since A is a finite set, we know that

¢>0and ¢ < oo. O
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13.5 Other Supporting Lemmas

Lemma 13.11. Assume that positive semidefinite matrices A, B and C have the same size.
If A > C, then
tr(AB) > tr(CB). (73)

Proof of Lemma 13.11. Because B'/?(A — C)B'/? is positive semi-definite,
tr(AB) — tr(CB) = tr(BY*(A — C)B'/?) > 0. (74)

This completes the proof. O

Lemma 13.12 (Multivariate Cauchy-Schwartz Inequality). For any random variable z and

random vector y, if cov(y) = X, is positive definite matriz, then
var(z) > cov(z, y) cov(y) ! cov(y, 2). (75)
Proof of Lemma 15.12. Because

0 <var (z — cov(z, y)E;ly)

=var(z) — 2cov <cov(z, Y2, 'y, z) + var (cov(z, y)2;1y>

Yeov(y, z) + cov(z,y) B, By, cov(y, 2)

=var(z) — 2cov(z,y)3,
= var(z) — cov(z,y){cov(y)} ' cov(y, 2),

we complete the proof of Lemma 13.12.

Lemma 13.13. Assumptions 6A and 7A imply Assumptions 6B and 7B.

Proof of Lemma 13.13. Under Assumption 6A, we have
7.(0) = ZI'T;, ,(Z.0)Z,.

Let Z! be the Moore-Penrose inverse of Z,. Because Z, has full row rank, we know that
Z,Zi =1

pas and

T¢,.a(Z.0) = {Z}}'1.(0) Z},

which implies that Z¢, ,(Z,0) is continuous in €. Thus, there exists 0 < ¢; < ¢2 < 0o such
that
Cl[pa j IEC“a(Zae) j CQIpav
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and for any Q C A,
= RI(Z.(0)) = ) _R(Z]).
acQ aeQ
By Lemma 13.10, we know that

dim(Vo(6)) = dim (Y R(20))

acq
does not depend on 6.
By Lemma 13.10, we obtain inequality (16). This proves that Assumption 6A implies
Assumption 6B.

Next, we consider Assumption 7B. Under Assumptions 6A and 7A, we obtain

Dxv(fox all fo.a)

=D (hes allhgoa)

>C & — &

=C0-6"z"z,(0 -6

>C(0-0)7 21T, (2,01 2,(0 — 0"
=C10- 07,00 - 0")

Thus, for any w € S and 6 € ©, we have

> " w(a) Dk (fo all foa) Z—ZW )(0 — 0" Z,(0)(6 — 6%).

acA aG.A

Replacing the constant = by C', we obtain inequality (17) in Assumption 7B. Thus, we
obtain Assumptions 6B- 7B.
O]

14 Proof of Theoretical Results

14.1 Proof of Lemma 3.1

Proof of Lemma 3.1. The standard computational complexity for both matrix multiplication
and matrix inversion of a matrix of size p x p is O(p3). Consequently, the computational
complexity of evaluating Gy [{I 0ML Ay, a)}_l} for each a € A is O(p*). Therefore, the
computational complexity for the GI0 selection is O(kp?).
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The GI1 selection rule (3) can be reformulated as

Ap+1

—argmax tr | VGau ({Z(0)" @)} ){Z(B)™ @)} ' T, (BY){Z(B)" s @)} |

n n

= argmax tr | L (B {Z(0)"™: @)} VG ({Z(8)"s @)} ){Z(B) @)} ' Lu(O)™)]

Thus, Algorithm 3 produce the same outcome as Algorithm 2.
Note that the matrix

M = {Z(0)"™; an)} ' VG ({Z(B)™; @)} " {Z(B)™"; @)}

only needs to be computed once. Matrix multiplication involving matrices of sizes p x p and
p X s, is of order O(p*s), given s, < s. Under the assumption that L,(€) has size p X s,,
the computational complexity of the GI1 is bounded by O(p? + ksp?).

Furthermore, if the matrices {L,(80)} are primarily supported on an s x s submatrix, then
the computational cost of the multiplication ELa(é\ffL) is at most equivalent to multiplying
matrices of sizes p X s and s x s for any matrix X, which has a complexity of O(s?p).

Therefore, the overall computational complexity of the GI1 selection is O(p® + ks*p). n

14.2 Proof of Proposition 6.2

We prove the following Theorem 14.1 instead, which is a generalized version of Proposition 6.2

allowing for an arbitrary sequence of 8, that is not necessarily the MLE.

Theorem 14.1. Under the reqularity conditions described in Section 4.1, and also assume
that the initial experiments ay,- -+ ,an, € A are such that Z(0;a,,) is nonsingular. For any
sequence of (random or mnon-random) vectors 61,05, --- in O, if we consider the following

generalized G10 or G11 selection rules: for any n > ng

GI0: ani1 = arg ggtl Ge, [{I(Hn; a,, a)}fl}, and (76)

GIl: a,, 1 = arg max tr [Vng (Zn) EnIa(Hn)En}, where we define 2, = {Z(0,;a,)} ",
ac
(77)
then there exists C > 0 such that

. ny
inf — > C,
n>ng 1
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and the lower bound is independent of the choice of @,,. Moreover, under the same settings,
I™(0) = c-C- I, (78)

for all 8 € ©.

Proof of Proposition 6.2. Applying Theorem 14.1 with 6,, = @,\L/IL, we complete the proof of
Proposition 6.2. O

The proof of Theorem 14.1 is involved. We break it down to the following series of lemmas

and steps.

Step 1: Define the order statistics of experiments counts, permutations, and find
their connections with n,., and n; Let m” = |{i;a; = a,1 < i < n}| be the number of
times that the experiment a has been selected up to time n. Without loss of generality, let
A=1[k] ={1,2,--- ,k}. Let & be the set of all permutations over [k].

For each m" = (m?)aea, define 22" C 2, which is described by the following state-

ments: permutation 7 € 22" if and only if 7 € 2, and
M) 2 M) 2770 2 Mgy

The set 22" is not empty, because order statistic exists.

For any permutation 7 € 2" define the set Q,(7) = {7(1),7(2),--- ,7(s)} for s € [k].
Qs(7) collects the indices of the top-s most frequently selected experiments. Here, 7 is
introduced to handle the case where there may be ties among m] for a € A.

Define

o = ta(m"™) = min {s € [k]: dim(Vo,(r)(0)) = p}. (79)

gpm™
TEL]

Note that dim(Vy, (- (0)) = rank(}",.,Z.(0)) = p for all 7 € ", according to
Lemma 13.9 and Assumption 3. Also note that according to Lemma 13.10 and Assump-
tion 6B, dim(Vy,(-)(@)) does not depend on 8. Thus, the above ¢, is well defined and does
not depend on 6. For the same reason, we will drop ‘0’ and write dim(Vy) for dim(V4(0))
for A C A in the rest of the proof when the context is clear.

The next lemma specifies the permutations that we would like to focus on when there

may be ties among m).

Lemma 14.2. There exists 1, € &), such that

Mr, 1) 2 M) 2000 2 Mo (1) (80)



dim(Vg, () =p, and for all 7 € 2" and all s < t, — 1, dim(Vo, () < p.

Proof of Lemma 14.2. First, according to the definition of ¢, in (79) and 2" # (), we know
that
S" =arg min {s € [k];dim(Vy,(0)) = p}

n
TEDT

is not empty. Let 7, € S’. We know that 7, satisfies (80), and dim(Vy, (r,)) = p-
Assume there exist 7/ € 2" and s < t,, — 1, such that dim(Vq, (1) = p. This leads to

the following contradiction

t, = min {s € [k];dim(Vy,(0)) =p} < s <t, — 1.

TE@];””
This completes the proof of Lemma 14.2. O

Recall that ny,x = max,e4n, = max,e4m, is defined in Section 6. We obtain that

n

Nmax = M, (1) The following Lemma shows that n; = me (1)

Lemma 14.3. Let 7, be a permutation satisfying the properties described in Lemma 14.2.

Then, ny =m  , where ny is defined in (42).

n(tn

Proof of Lemma 14.3. Because dim(Vy, (r,)(0)) = p, we know that QQ = Q;,(7,) is relevant,
which means that ), Z,(0) is non-singular for all 8 € ©. By the definition of n; in (42),

ng 2 minm, =mz ).
It suffices to prove n; < M (1) Assume, on the contrary, that n; > M () In the rest
of the proof, we aim to find a contradiction.
For any S C A such that S is relevant, define Q(S) = {a € A;m! > min,esml'}. Since
S C Q(S), Q(9) is also relevant, and
minm, = min m,.
acsS a€Q(S)
By the definition of n; in (42), there exists a relevant S’ C A such that min,eg m? = ny.
Thus, n; = mingeg my = mingeq(s) My, Q(S") is relevant and mingeq(s) My > mﬁn(tn).ThiS
implies that

: n n
min m, > me . .-

a€Q(S")
Thus, Q(S") C Q,-1(7n), which implies that dim(Vys)) < dim(Qy,-1(7)) < p. By As-
sumption 6B and Lemma 13.10, we know that Q(S’) is not relevant, which contradicts the

previous assumption that Q(S’) is relevant. O
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The next lemma compares the ratio between n,,, = m;‘n(l) and ny = mﬁn(tn) with the ratio

between the maximum and minimum counts of experiments for a set of relevant experiments.

Lemma 14.4. For any QQ C A such that dim(Vy) = p,

n n
me (1) < maXgec 4 My,

n

S et
MY 4y MilacQ My

Proof of Lemma 14.4. By the definition of 7,,, we know that

Maa) 207 2 Mo )
Define m7 ) = oo and m} ;.. = —o0.
Because (m] ), -+, m} ) forms the order statistic of (my)ee) (With possibly ties),
there exists s € [k] such that Q C {7,(1), --- ,7u(s)} = Qs(7), and
me g = ggg mg and m7 ) < ggg my.

Because V(0) C Vo, (r,)(0), we have p = dim(Vg) < dim(Vg,(5,)). By the definition of ¢, in
(79), we obtain that ¢, < s. This implies mﬁn(tn) > mﬁn(s) = ming,eg m;;. We complete the

proof by noting that M} () = MaXeea Mg
O

Step 2: Unify the proof for generalized GIO and GI1 To simplify the analysis, we
use the next lemma to extract a key property shared by generalized GI0 and GI1.

Lemma 14.5. Assume that >.;°, Z,,(0) is non-singular.

For a fized (or random) sequence 6,, € © and for any n > ng, we consider the following

generalized G10 selection rule

n 1 1 1 -1
ntl = inFg,(——=7, + ——0,) = inG —A Z1.(0, ,
onss = angminFy, (1, + L 05,) = argmin en<{n+1 b T6)] )
and GI1 selection rule

. OFy, (7,)
(py1 = argmin ——————~

i e~ e ma(VGe, ({A/n)7), AT L(6,)A7), (81)

where A =3 mpZ,(0,),00 = (0a(a’))area, and é,(a’") = I(a = d’).
Let AQ(tth) = ZaeAIa(en) + tlza’(en) + tQIa”(en)7 and Sn = Sn(tlatQ) =
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VGe, ({As(t1,t2)/(n + 1)}1). Then, both generalized GI0 and GII satisfy the following
property for all n > ng:

Ifd',a” € A are such that
<Sn7 {AQ(tb t2>}711—a'(0n){f42(t17 t2)}71> > <Sn7 {AZ(tla tQ)}ilza”(en){fb(tla tQ)}71> )

(82)
for all ty,ty € 0,1] , then a,.1 # a”.

Remark 14.6. The generalized GI0 and GI1 defined in (76) and (77) are the same as GI0O

and GI1 selections described in Lemma 14.5, respectively.

Proof of Lemma 14.5. Let a’,a” satisfy (82). Assume, in the contrast, that a,; = a”. We
will find contradictions for both GI0 and GI1 in the rest of the proof.

We start with GIO, which selects a,11 = argminge 4 Fg, (n+17"" + n+15 ). Thus, a” =
a4 satisfies
n 1 n
F n —5au F ™ Oar)- 83
0, ( e ) < on(n+17f o ) (83)

Define h(t) = Fo, (4770 + 77 {(1 = t)0a + tdar}). Then, (83) is equivalent to that (1) —
h(0) <O0.
Let Ai(t) = > ,caZa(0y) + (1 = 1)1y (6,) + tZ,(0,). By Lemma 13.4, we know that

H(t) = (VGe,({Ai(t)/(n+ 1)}7), ~{A1(t)/(n + 1)} "H{Zar(6n) — Zur (8n) HAL(L) /(0 + 1)}

Note that A;(t) = Ay(1 —t,t). Thus, (82) holds for all ¢1,t5 € [0, 1] implies that it holds for
(t1,t2) = (1 —t,t), which further implies A'(t) > 0 for any ¢ € (0,1). This contradicts with
h(1) — h(0) < 0. Thus, a,1 # da”.

We proceed to the analysis of GI1. By the definition of the generalized GI1, a” = a1

satisfies
(VGo,({A/n} "), A7 T0(0,)A7") < (VGe,({A/n} 1), A L(6,) A7),

Note that A = A5(0,0). Thus, the above inequality contradicts with (82) with (¢1,t5) =
0,0). O

Step 3: Regularization effect of GIO0O and GI1 In this step, we show that both
GIO and GI1 regularize the experiment selection process through the property established

in Lemma 14.5. This is proved through the following Lemma 14.7, Lemma 14.8, and
Lemma 14.10.
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Lemma 14.7. Assume that >".°, 7,.(0) is non-singular for some ny.
Assume the condition number maxgce xr0 H(VGQ( )) < K for some 0 < K < oco. Let
(a®,a®,--- a®) be a permutation of A such that m?,) > --- > m",, and dim(Q,-1) <

dim(Qy,) = p, where Qs = {a ca® o q) }, and t, = n(m )
If for somen >ng and 1<s<t,—1

n 2 =3 -2 n
m s 8 K m s+1 2
<—na(‘) > > 7 (1+16pc—2(—‘1§+ ’) ) (84)
m C c\m

a(3+1) - - a(tn>

then
an+1 € G(Qs) = {a € A : dim(Vp,uqey) > dim(Vg,)}
for GI0O and GI1, where

Vo =Vo(0,) = > R(Z,
acq®

Proof of Lemma 14.7. Let t =t,. (84) implies that t > 2. By Lemma 14.2, for any s < t—1,
we have dim(Vg,) = p. Because dim(Vy,) < p, we know that |G(Q5)| > 0.

For any ) C A, let Py, be the orthogonal projection matrix on Vi (6,). We will simplify
the notation and write it as Py for the ease of exposition when the context is clear. Then
P, denote the orthogonal projection matrix on Vj,.

According to Lemma 14.5, it is sufficient to show that, if (84) holds, then for all a” ¢

G(Qs), d € G(Qs) and all ty,t5 € [0, 1].
<Sn7 {Ag(tl, tg)} ( ){AQ(tl, t2 > > <Sn7 {AQ tl,tg)}_lza//< ){A2 tl,tQ >

where we recall that S,, = VGg, ({Az(t1,t2)/(n + 1)}71). In the rest of the proof, we abuse
the notation a little and write A = Ay(ty, o) for the ease of exposition. Then, it is sufficient

to show that for all «” € G(Qs), ¢’ € G(Qs) and all t1,ts € [0, 1]
(S,, A7'7,(0,)A™") > (8,, A" T,(0,)A""). (86)
The rest proof of the consists of the following three steps:
Step A: Connect (86) with tr(Pg, (A ?) and tr(Py, A™?) Let

ml, +t ifa=4d
My =Sm? +ty, ifa=ad" . (87)

otherwise
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Then, for 0 < 1,1, <1, my <mj +1forallac A and A=} _ ,m;Z,(0,).
Note that Myax(Sn)Ip = S = Amin(Sn)I,. we have

(S, A'T,0(0,) A7)
— t1(S, A" Z,(0,) A7)

=tr(S, AN Y T(6,)A7) —tr(S, AT ) T.(6,)A7)
a€QsU{a’'} a€Qs
> - Apin(Sn) t1(Pg,utat A7) — T Apax(Sn) tr(A™ Py, A7Y),

where the last inequality is due to Assumption 6B and Lemma 13.11.
Notice that a” € G(Q;) implies

dim(VQSU{au}) = dim(VQs).
Combined with Vi, C Vi, ugary, we know that Vi, = V5, ugary. This implies
R(Ial/ (071)) C VQS

By Assumption 6B, we obtain

Hence,

(8 AT, (0,)A™) = t1(Sy A7 T (0,) A1) < T Apa(S,) tr(A " P, A7),

Thus, to show (86), it is sufficient to show that (84) implies
C- )\mm(Sn) tl”(AipoSU{a/}Ail) > 2¢- )\max(Sn) tI‘(AiposAil),

which is equivalent to

tr(Po,uw)A™) | 28 Anaa(Sn) _ 26
tr(PQSA_Q) c )\mzn(Sn) B c

K(Sp).

We focus on proving the above inequality in the rest of the proof.

(88)

(89)

(90)

(91)

(92)

Step B: Establish a lower bound for tr(PQSU{a/}A_Q) Because Vo, C Vg,u{w) and
dim(VQs) < dim(Vqu{a/}), we know that (I - PQS)PQSU{QI} = PQSU{Q/} — PQ5 7é 0. Thus,
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there exists a unit vector w € R? such that H(I — PQ)PQSU{al}uH =1.
Applying the Rayleigh—Ritz quotient for the largest eigenvalue, we know that

tr(Py,uiay A~ %) = tr(Pg,ugay A > Po,ufa)

(93)
>Amaz(Po.utay A2 Py, utary) > w' Po,uiany A7 Py ufaytt = HA_IPqu{af}uHQ-
Set v = A~ Py, qou. Then,
(I = Pg,)All,, lvll > I(I = Pg,)Av|| = ||(I — Py,)Py,uayul| = 1. (94)

Notice that m”,,,, > m”,, > 1 for any s <t —1. Thus, m".,, +1 < 2m7 ). Also

note that by the definition of G(Qs), ay & G(Q,) for all ' € [s]. Thus, for all a € G(Q,),

Mg < mS ™. The above analysis, together with Assumption 6B, implies

> ML (0,) 2 (miT) + 1) - Py, La(6,) < 26 m{ - P, (95)
aEQ(Qs)

Note that A = 3", ;0. MaZa(0n) + > e6(0.) MaLa(0n). Also note that if a ¢ G(Q), then
Z.(0,) € Vg, which implies (I — Py,)Z,(0,,) = 0. Thus, (95) further implies

11 = Po,)All,,

= Z m, (I — PQs)Ia(en)
aeg(Qs)

<[I(/ = Pg,)

ol D MiT(6,)

aGQ(Qs) op

<2¢ - m{=.

The above inequality and (94) implies ||v| > L This, along with (93), implies
1)

DT
2c ma<5+

1

tr(Pg,uyA~2) > [v]* > — . 96
Posir &™) 2 o > s (96

Step C: Establish an upper bound for tr(Py, A~?%)
tI‘(A_IPQSA_l) S p- )\m(w(A_l_PQSA_I). (97)

Set As = > ,06(0.) Mala(0n). Let r = dim(Vp,). We first show that rank(A,) = r and
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R(A;) = Vg,. By Lemma 13.9,

rank(As) = dim(vA\g(Qs)ﬁ{aeA;mgzﬂ)- (98)

Because Qs C A\G(Qs) N {a € A;m! > 1}, we know that

dim(Vg,) < dim(Vag@.nfeeamz>13) < dim(Vagq.))- (99)

By (89) and Vg, C Vag(q,), we know that

Vag@) = Y. R(Zu(6n) C Vo, C Vagou. (100)
ag9(Qs)

Hence, Vg, = Vag,, and dim(Vag(g,)) = dim(Vp,). Combined with (98) and (99), we
know that

rank(A,) = dim(Vy,) = dim(Vag@.)nfacamz>1}) = dim(Vagq.)) =7

The above analysis and

R(A) C Y R(Z.(6,) = Vagon = Vo.
agG(Qs)

together imply that R(A,) = Vq,.

Assume the eigendecomposition A,u; = /):iﬁi, and Au; = Nu;, 1 < i < p, where
)\12~-2)\7,>>\r+1:-~:>\p:0,)\12-~2/\pwithUs:[ﬁl,ﬁg,--‘,ﬂr],U,s:
[ar+17a7‘+27"' 7Iap]7 U = [Usans]a Us = [U]_,UQ,"' 7u7”]7 U,s = [ur+17ur+2a"' 7up]7

and U = [U,,U_,]. Based on the previous notation, we know that Py, is the orthogonal
projection on R(A,), and thus, it equals U,U? .

Let @(ﬁs, U,) denote the r x r diagonal matrix whose j—th diagonal entry is the j—th
principal angle cosfl(aj), where 01 > 09 > - -+ > 0, are the singular values of ﬁST U.,.

Applying a variant of the Davis—-Kahan theorem (Theorem 2 in Yu et al. (2015)), we have

. 2(|A - A, 2[|A — A,
sin®((U,, U,)|| < [ — I- _ 21 ~ HF. (101)
F )\7’ - >\7’+1 )\7’
Note that
A—-A, = ) mMT6,) 2 2emly Poqu), (102)
aEg(Qs)

71



and

1A — Al < 4p- e (mje) (103)

Note that Qs C A\G(Qs). Because A = A, = > o M,Z,(0,) = cm’, - Pg, and
A=Y co MaZa(0,) = cm?, 1, by Courant-Fischer-Weyl min-max principle (see Chapter
I of Hilbert and Courant (1953) or Corollary I11.1.2 in Bhatia (1997)), we have

A >\, > cmiy and A, > cml,). (104)

Combining (101), (103), and (104), we obtain

PN 2 16p-c(m”...)>
|sme@.u)| <= Uieen) (105)
F Q<ma(5))
By definition, we obtain
. 2 R
in®(T,, U,)|| = r — (cos?(01) + cos?(00) + -+ cos?(0,) = 7 — | |
F
and
. 2 2 . 2
r=|orw. v = +|oro
F F
Thus,
in®(U oro | 106
|sne@. v, =[grv-.|, (106

Combining (105) and (106), we have

Amax( IPQS 1)

=Amae(UTAT2U)

“Amar (U] [Us, U_Jdiag(A7?, 252, -+ 02U U "U,)
-\

TUdiag(\[2, - N AOULU, + UTU - diag(N2, -+ N\ ULU,)

» o

max U
max (U
ma:z:(

UrU,diag(\[2, - \; )UTU)+Amax(UTU7 diag(\ 2y, 0, ULOL) (107)

) M\p 7P
2

-2 )UTU

+ A7 HUTSU

op op

—~ 2
24N Hsin@(US, ),
< 1 (1 i 16p(6m2(s+1)>2> .

~(eml,))? (cm?))?
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The above display and (97) implies

1 16p(em?,y))?
(A Py A < p—— <1 n M) . (108)

(QmZ(s) )2 (QmZ(t) )2

Combining (96), (97) and (108), we have

tr(Pp g A2 472 16p(em”.. ;)2\ -1 / m™, \2
tr(A-1 Py, A7) c? (em”))? Mot
Thus, (84) implies (92).
]

Lemma 14.8. Assume that ".°, Z,,(0) is nonsingular for some ny.

Consider the pre-specified criteria function Go(X) = ®,(X). Let (aM,a® ... a®) be
a permutation of A such that m?,, > --- > m”,, and dim(Qy,—1) < dim(Qy,) = p, where
Qs = {aW,a® ... a®}, and t, = t,(m").

For a fized (or random) sequence 8,, € © and for any n > ng, we consider the generalized

G10 selection rule

1 1 !
ntl = in ® — A 7.(0, ,
(n1 = argmin q({n—l—l T ( )} )

and GI1 selection rule

(pi1 = arg mzﬁ(tr (A_(qH)Ia(On)), (110)
ac

where A =3 _ ,miZL,(0,).The generalized GI1 selection based on (110) coincides with the
selection (81).
If for some 1 <s<t,—1

m"., \ ) 16pc ,m" 1) 2 2e\er2 ([ 16922 /My \ 41 () \ 10
) e G = () e Ga) () )
(Z(S+1) - a(s) = =

a(tn) a(s)
(111)

then
Ap41 € Q(QS) = {CL cA: dim(VQSU{a}) > dlm(VQé)}

for generalized GI10 and GI1, where

Vo = Z R(Z.(6,))-

aeqQ

Proof of Lemma 14.8 . To prove the lemma, we follow similar steps as those in the proof of
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Lemma 14.7. We will omit the repetitive details and only state the main differences.
By assumption Gg(X) = ®,(X), Lemma 13.4 and 13.5, we know that for any a,a’ € A

and positive definte matrix A € RP*P,

(Vo,({A/n}™), AT'T,(0,)A) > (VO,({A/n} "), AT T, (0,)A7)

112
if and only if tr(A~“*YZ,(0,)) > tr(A~YT,(8,)). )

Thus, the generalized GI1 selection based on (110) coincides with the selection (81).
Similar to the arguments for (86), to prove the lemma, it is sufficient to show that (111)
implies that for all " € G(Qy), @’ € G(Qs) and all t1,t, € [0, 1],

<Sn,A_1Ia/<9n>A_1> > <Sn,A_1Ia//(9n)A_1>, (113)

where A is redefined as Ay(t1,t2) and S,, = VG, ({Aa(t1,t2)/(n+ 1)} = VO, ({A/(n +
1)}~1). Applying (112), we know that (113) is equivalent to

tr (A", (0,)) > tr (A"TTL,.(0,)) . (114)

It is sufficient to show that (111) implies (114) for all a” ¢ G(Qs), ¢’ € G(Qs) and all
t1,ts € ]0,1]. Similar to the proof of Lemma 14.7, this is proved using the following 3 Steps.

Step A: Connect (114) with tr(A~Y P, ) and tr(A-@*V P, )  Similar to the

derivation leading to (88), we have
(A OL(0,)) 2 ¢ tr(A D Py ) — 7 - tr(A IRy,
Similar to (90), we have
tr(A~CTT,.(0,)) <e-tr(A-TTVPy). (115)
Thus, to prove (114), it is sufficient to show (111) implies that
¢ (AT Py pay) > 2 tr(ATTV Py, (116)

which is equivalent to
tr(A~Y P, e 2c
(A @R,) T
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Step B: Establish a lower bound for tr(A*(q“)PQSU{a/}) Similar to the proof of
Lemma 14.7, we define A; = > ;0 m5Za(6,), then r = dim(VQS) = rank(Ay)
and R(A;) = Vp,. Assume the eigendecomposition Au; = A\u;, and Au, = \u;,
1§i§p,where)\12---Z/)\\T>)\r+1—---: 0,
U, =[Gy, 8, @), Uy = [y, Ty, 8], U = [U, U], U
U_; = [Ui1,Uppa, -, U], and U = [Us, U_g].

Because a’ ¢ V,, there exists a unit vector w € RP such that Py u = 0, and Py o u =
u. Then,

N > )\, with

[y

Q>>E>/
Q{) I

- [u17u27 e 7“’7"]7

)‘max<A7(q+1)PQsU{a’}) = Amaa:(PQsU{a’}A PQ Ufa ’}) >u'A” @y

Assume u = >0 bu; =Y 7 b, Because Py, = > ', ulu; and

P T
0=Pyu= Zbinsﬁi = Z b,
i=1 =1

we obtain that 51 :52 = :gr = 0. Thus, we can rewrite u as ﬁ_sﬁl with HBI = 1.
Note that
p
1 +1) 1
SN S Y
1=r+1
Because 51 € RP™" and H B1|| = 1, we know that there exist unit vectors Bg, 63, . Bp,T

such that 5 [,31, 62, . ﬁp +| is an orthogonal matrix. Thus, we know that

2 ~

2F —(p—r—-1)=1- Hsin @(ﬁ_s, U_,)

07 = [0, 0.5,

p—r . 2
- Z “UTsUfsﬁz
1=2
2

)

[

where the last equation holds because of the definition of sin @(ﬁ_s, U_;).

Combining the above inequalities, we obtain that

(g+1) (g+1) ) ~ 2
Amas (A~ Py ) > A0 (1 . Hsm@(U_s, U, F) (118)

By Weyl’s inequality and (102), we know that

)\r—}—l = |)\r+1 - )\r—i-ll S ||A - As”op S 2EmZ(s+1)-
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Similar to how we show (105), we also have that

2 16p - 62(771(’1‘<s+1))2

sin@(U_,,U_,) (119)

Fo c? (mZ(s) )?

Thus, we obtain

16p - e(m
tr(A_(q+1)PQsU{a/}) Z )\mazL’(A (et )PQSU{a’}) (20m (s+1)) q_l{l — b ( (5+1>) }

(120)

Step C: Establish an upper bound for tr(A~@*Y P, ) Similar to (107) and according
o (105), we have

Amaz(A”CTV Py )

=Amae(UTA~TDT)

)\ma:c(UT[U&U—s]dlag()‘ (+) >‘ (q+1 7A;(q+1))[Ust—s]Tﬁs)
=Mnaa(OTU,diag( A4, - A7 (@D )UTff +UTU_diag(\, 5™, - @YUt U,)

max (

nae (UTUdiag(A] <q“,--- A TNUTU,) + Ao (OTU - diag(N, 4V, - 0 UL D)

2

S/\;(qﬂ) As U,

~(g+1)
+ A

op

T U,

op

R 2
S/\;((H_l) + )\g(‘ﬁ_l) ’sin @(Usa US)
F

_ 1 . 16p()* (M os))?
~(emz ) (@ (m,, ) () )

where we used A, > ¢m’ ;) in the last inequality. Thus,

_ _ p 16p(2)*(myy:1))°
tr(A (q+1)PQs) < p/\maa:(A (q+1)PQs) < W (1 " (9)2 — )

(sz(s) (mZ(tn))q+l(mZ(s))l_q
(121)
Combining (120) and (121), we obtain
(1 B 16p-c2(m™ (5+1)) )
tr(A—(QH)PQSU{a,}) S <£>q+1 (mZ(s))qH 2 T e 122)
tr(A-tVP, )~ \2e/  p

n q+1 160(3)2 (m™ 2 :
(m”,1y) (1 N P(@2(m" ) . )

(0)? (mZ(tn) yatt (mZ(S) -
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Hence, if

m ot 16pc® M40y 2 2c\at? 16pc? (M ar) \ L /M0y \ 174
) (e CE) = () (T Ga) () )
M (s+1) c m s c c m M)

altn)

then (117) holds. O
The next lemma is useful for controlling a sequence based on some iterative inequality.

Lemma 14.9. Given My > 0,A" >0, B',C' > 0, and ¢ > 0, there exists My, M, --- such
that
xq+1 S A/xqfl _i_B/(l_i_C/M](‘]Jrlmqfl)’

then © < M;1/M;. Here, each M; depends only on My,--- ,M;_1, q, and A’, B',C".

Proof of Lemma 14.9. Let
Mjy1 = M; - sup{a;a®™ < A2%' + B'(14 C'MI 2971} (123)
By induction, assume M; < oo. Due to

I 1
11m
T—00 {E‘H‘l

(A’a;q*1 L B(1+ C/quﬂxq*l)) — 0,

we know that the set {z; x4t < A'z%~! + B'(1 + C’M;’qu_l)} is bounded from above.
Thus, M, defined by (123) is bounded from above. By induction, we complete the
proof. O

Lemma 14.10. Assume that Y .°, Z,,(0) is nonsingular.

Let (aq(ll),ag),--- ,aﬁf)) be a permutation of A such that m", > --- > m", and
Qnp (20

dim(Q¢,—1) < dim(Qy,) = p, where Qs,, = {ag),a,(f),--- ,agf)}, and t, = t,(m™). To
simplify the notation, let (oM, a®,--. a®) = (ag), a? ... ,a%k)) and Qs = Qs n.

Also assume that the experiment selection rule satisfy the following property:

There exists constants A" > 0,B" > 0,C" > 0 such that for all n > nyg, if for some
1<s<t,—1,

1
m" at m" m" q+1 ym» 1—q
a(s> / a(s“Fl) 2 / ! a(s“Fl) a(5+1)
(m” ) <1_A(m” )>>B 1+C(m” ) (m“ ) ’
a(5+1>

a(®) a(tn) a(s)

then a,i1 € G(Qs).
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n
m
a(1)
n
m
a(tn

Then, this experiment selection rule also satisfies that sup,,>., < 00 and inf,>,, = >

™
no .

™ (tng)

C > 0, where C depending only on A’, B',C", k and

Proof of Lemma 14.10. Recall the definition of t,, = ¢,(m"), there exists a permutation
T, € & over A such that

me ) = Mp9) = 2 M (k)
a® = Ta(1), - - Lok = (k).

and dim(Vy, _,) < dim(Vy, ) = p. Define

m”,
Ind(n) = %
m

altn)
To show sup,,>,, ZET < 00, it is sufficient to show that if n > ng,
sup Ind(n) < oco.
n>ng
Let My = ”Z:g?”) . According to the definition of a®") and a(*»), we know that M, > 1. Next,
altno

we use induction to prove that for all n > ng

Ind(n) <2 max M, (124)

0<i<k—1

where the sequence {M;}*~! is defined in Lemma 14.9.
For the base case, when n = ng, we know that > ° Z,.(0) is nonsingular, and thus
ngno) > 1. This implies,

Ind(ng) < My <m'?,) < oo.

For the induction step n > ng, assume that Ind(n) < 2maxg<;<x—1 M;. We discuss two

cases

Case 1: if a,11 € argmax, mj, then we will show that Ind(n) < maxo<;<x—1 M; and Ind(n +

1) < 2maxo<i<kp—1 M;,
Case 2: if a,y1 & argmax, m?, then we will show that Ind(n + 1) < Ind(n).

Below are the detailed analysis for these two cases.

Case 1: a,,1 € argmax,m! Without loss of generality, we assume that 7,(1) = aV =

1. If t, =1, then Ind(n) =1 < maxo<;<x—1 M;. Now, we focus on the case where t,, > 2.
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Note that 7,(1) has been selected as a1, and 7,(1) ¢ G(Q1). According to the lemma’s

assumption, we know that for all 1 < s <t, — 1,

n q+1 n +1 n 1—
< Myt ) <1_A,(ma:+l>)z> <B (1+Cf<ﬂ>q (ma§;+l>) q). (125)
m ma(s) my ma(s)

a(3+1) a(tn)

Next, we use this inequality iteratively for s = ¢, — 1,¢, — 2,--- ,1 to show that Ind(n) <
maxo<;<g—1 M;. We start with setting s = ¢, — 1 in (125), we obtain that

2 < ATt 4 BI(1+ C'MIT Y,

mn —_ . . . . mn —
where x = % According to Lemma 14.9, this implies x = % < M.
ao(tn) o(tn)

Set s =t, — 2 in (125), and combine it with % < M, we have
a(tn)

xq+1 S A,J}q_l +B,(1+C/M{1+1.Z‘q_1),

where ©x = % Apply Lemma 14.9 again, we obtain that ““” 2 < Msy/M,, which
altn—1) (tn 1)
further implies % < M,. By similar arguments, set s =t, —3,t, —4,--- , 1, we obtain

that

1) < Mtn—l < max M

n 0<i<k—1

M ()
That iS, [nd(n) < maXxop<i<k—1 Mz
Note that in this case m’T‘:(i) = mﬁn(l) + 1, and mﬁjé) = my (s)’

Q = {m(1),7(2),- - , 7 (tn)}. We know that dim(Vy) = p. Hence,

for any s > 2. Set

max, m? ! mr my gy +1
= = 71(11) O <2 T"(l) <2 max M,;.
mingeq mytt  m!” () mfn(tn) an(tn) 0<i<k—1
By Lemma 14.4, we know that
m!t max, m? !
Ind(n +1) = — =10 < "t <2 max M,
i (ts1) mingeqg m? 0<i<k—1
. 1 _ +1 —
Case 2: a,,; ¢ argmax,m” In this case, max, m'™ = mﬁn(l) and mfn(tn) > an(tn) =
min,eg m?, where we let Q = {7,,(1), 7,(2), - -+ , Tn(tn)}.
Applying Lemma 14.4, we have
max, mptt My )

Indin+1) < = Ind(n) <2 max M;,

0<i<k—1

n

; 1 S
mingeq mjy ML ()
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where the last inequality in the above display is due to the induction assumption.

Combine the results from both cases. By induction, we have

n
Ma
—a <9 max M,
M. 0<i<k—1

for all n > ng. Combined with Lemma 14.3, we know that

n n
o M) o Maen) 1 -0
n n — k- mg(l) - 2k - maXop<i<k—1 Mz ’
mnol
where k - maxo<;<x_1 My_; only depend on A’, B',C' k and —ma®. m
o(tng)

Proof of Theorem 1/.1. Combining Lemmas 14.7, 14.8 and 14.10, we compete the proof of

inf&ZC’>0.

n>ng M
By Assumption 6B, we know that
= m” ny
™ () = 7,(0) = — Z.(0) = c-C- I, (126)
a;%nl n n aymi>nr !

for all 8 € ©.

14.3 Proof of Theorem 4.1

To show Theorem 4.1, we prove the following more general Theorem 14.11 instead, which

applies to general experiment selection rules that are not necessarily GI0 and GI1.

Theorem 14.11. Let U € (0,1). Assume the experiment selection rule satisfies that

7 (a,) € Ky for large enough n, where

Ky = {71' cSt: max min 7(a) > U} : (127)

SCA:S is relevant a€S

Here, we say that a set of experiments S is relevant if Y 4 Z4(0) is nonsingular for any
0 € ©. Given Assumptions 1-4 along with either Assumptions 6A-7A or 6B-7B, the é\ﬁ/ﬂ’

converges to @ almost surely.

Proof of Theorem 4.1. According to Proposition 6.2, there exists U > 0 such that (127)
holds for n large enough, following GI0 or GI1. Theorem 4.1 then follows by applying
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Theorem 14.11.
O]

Proof of Theorem 14.11. Let 8, = 6 for the ease of exposition. According to (5), we know
that ln(én; a,) > 1,(0%;a,). According to (13) in Assumption 4, with probability 1, for any
1 > 0, there exists NV such that forn > N, 7, € Ky

1,(0%; a,) — M(6*:7,)| < g and |1,(0,,; a,) — M (6, 7,)| <

w3

It follows that
1.(0,;a,) > M(0%7,) —

w3

Also, we have

It follows that

Notice that

M(0%; ) — M(6;7) = > m(a)Dir(fora
acA

|f9,a)

By Assumption 7B, we can show that for any @ € Ky, and any ¢ > 0, there exists a finite
positive number n = (U, ), such that

sup M(O;m) < M (0", 7)—n.
6:10—6* =

This means that for large enough n,

{|y§n — 07| > g} c {M(@n;fn) < M(9*;7,) — n} .
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It follows that for any € > 0,

Thus,
R [e.e] o [e.e] R 1
P(lim 6, =0")=P {en_e* <_}>
(o -0) =2 (VU N {a o] <
=}L%10P(G N{le.-e <%})=1-

m=1n=m

14.4 Proof of Theorem 4.2

The proof of Theorem 4.2 follows the similar strategy as the proof of the classic asymptotic
normality result for MLE with i.i.d. observations, which involves the asymptotic analysis of
the Taylor expansion of the score equation. However, the proof for Theorem 4.2 requires the
analysis of dependent stochastic processes and is more delicate.

In the following series of lemmas, we first justify the use of the score equation in
Lemma 14.12. Then, we provide (almost surely) asymptotic bounds for the Hessian of
the log-likelihood and the score statistic in Lemma 14.13. Lemma 14.14 provides a Taylor
expansion for the score function around the true parameter and the MLE, and gives an upper
bound for the remaining terms. Finally, these lemmas are combined together to obtain the

proof of Theorem 4.2.

Lemma 14.12. Under the setting of Theorem 14.11, if * € int(O®), we have

P (G ﬁ {Vola(6,; a,) = 0}) — 1.

m=1n=m
Proof of Lemma 14.12. Let B(0*,d) denote the open ball with the center * and radius 6 > 0
such that B(6*,0) C int(©).

Because [,,(0; a,,) is differentiable in 8, we know that

{l

0, — 0

< 5} C {Vgln(é\n;an) = 0}.
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Thus,

0,6

12P(G ﬁ{veln(@z;an):‘)}) 2P<G ﬁ {’

m=1n=m m=1n=m

<5}) _ 1

where the last equation is due to the almost sure convergence of §n obtained from Theo-
rem 14.11. O

Lemma 14.13. Under Assumptions 1-4, if &, € Ky for large enough n, i.e.,

P(G ﬁ{fneKU}) =1,

m=1n=m

Also assume that the estimator é\n — 0" a.s. P,. Then, with probability 1,

n—1 k

. 1 a; a

lim sup E U, (X;) < g Ex~fee ., V5(X) =1 py < 00,
]:1 a=1

n—soo N — 14

lim || =Vgla1(0";a,_1) —Z71(8%)| =0,

n—00 op

= Vats@:00) + Vitoa@'s ), <y WK 0 6],
i | (Vs O < s gy <o
i (= V3ha-sBosiana)) |, < ey < oo

tin sup | (=V51 (8% @), < )\im(zﬂ(@*)) =

Proof of Lemma 14.13. Let the information filtration be
‘Fn - U({ala X17 Tt >an7Xn})-

In the rest of the proof, we restrict the analysis to the event |J~_ (N, {7, € Ky},
which has probability 1 by the assumption. Applying Lemma 13.2 on each entry of
—V2log foq,(X;), and note that E(V3log fo a,(Xi)|Fiz1) = —Z,(0*), we obtain

n—1
I ]- a.s.
—Voln-1(0%ay_1) —T™1(0") = — > (=Y 108 for a,(Xi) — 1,,(8%)) 225 0. (128)
=1
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By Assumption 2 and the relaxed condition (15), we know that

n—1

DX )(]6 - 67])).

=1

1
= pn—1

H_V%oln—l(ea a'n—l) + Vgln—l(e*a a’n—l) H

Let {X ;‘}13 j<n,acA be asequence of independent random variables such that X7 ~ fp- , for all
j>1landa € A. By Lemma 13.8, we can replace (X, Xo, -+, X,,) with (X7, X532, -+, X2")
without changing the joint distribution for all n.

Let Vi = >4 V5(X{"). We know that {Y;}$°, are i.i.d. and by Assumption 2, py :=
Eg-Y; < 0.

The strong law of large numbers (see Theorem 2.1 in Ross (2014)) implies that with
probability 1,

17‘L
n <
Jj=1

Thus, with probability 1

Z \I/a] ) < limsup

n—00 n—1

lim sup
n—oo 10—

k
ZZ\D X0 = Exefy, U5(X) = py < o0.
a=1

j=1 acA
Set A, =Z™-1(0*), and AA, = —V2ln_1(§n_2; a,_1) — A, for all n > 1. Notice that
ATt — (A, + AA)TTAAAY = (A, + AA) A+ AA, — AANA = (A, + AA) !

1(An + AA) = ATY| = || = (An + AA)TAAAT < | (An + A4 Y| 1AL, (1472, -

as well as 1
-1
HAH Hop < min,reKU Amin(Iﬂ-(e*)) =

for any n. Furthermore,

H<Aﬂ+AA ||A 1H + H(An+AA”>_1H01)HA;1||Op ||AAn||

|
op — op’

which implies

= 145,

(A, + AA,) < -
I o ST 1A o 1AL,
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given that ||A; ', IAA,|l,, < 1. Note that

||AA ”op — Z \I]a] n 2 — 0*

+ -V a6 - 770,

The first term on the right-hand side of the above inequality converges to 0 a.s., because
of the almost sure convergence assumption on én, and the second term converges to 0 a.s.
because of (128). Consequently, [[AA, |, 2% 0. This further implies that, for n large
enough, [[AA,l,, < 5 mingcx, Amin(Z7(0%)). For such n, we have

1A Al 14715,
* = 1-]AA, H ||An1||op

a.s.

— 0.

|(An + AA,) A <

Note that A, + AA, = —V?,_ 1(9n 9;@,_1). Thus, with probability 1,

1
. —1
s[4, < ey <

1

hmsupH (=Val,_ 1(§n 2, 1))

n—o0

Similarly, we can also show that with probability 1,

1
li H V ln en ) Yn— ' 1 = ’
1211_)801213 0 2( 2; @ 2)) op  Milgcgy, Amin(zﬂ(e*)) =
as well as 1
; _V21,(0%a,))! ' < 0.
el 1(=V5in(0%5 @), < Willrery Amin(Z7(07)

]

Lemma 14.14. Under Assumptions 1-4, the Taylor expansion for the score function

Voln(0;a,) is given by

Vol (0" + W, /v/n:a,) = Vol (0%; ay,) + V21,(0%; a,)W,, //n + R(0*, W,),

- i (129)
veln(en’; a'n) = Voln(em an) + Vzln(ena an)(en’ - Hn) + R/(en’a 0n)7

where §n and é\n/ are the MLE based on l,,(0; a,,) and l,/(0; a,), respectively, W,, = \/H(HAH—
0%),

|R(6* W,)|| < ~ Zw v(||6n - o)), and
6,0, <liqf§j(xj) 6.0 v ([0, - a.])
nj:1
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Proof of Lemma 14.14. Set g(t) = <b, Vol (0" + t(é\n - 0*);an)>. By the Lagrange mean

value theorem, there exists 0 < t* < 1 such that

ie.,
<b, Voln(8,: @) — Vel (67 an)> - <b, V21,(0° + (8, — 0°);a,) (8, — 9*))> .
Then,
(b, R(6", W,)) = <b, {vgzn(e* 4150, — 0);a,) — V3, (6% an)} 6, — 9*)> . (130)
Under Assumption 2, we have

| (6", W,,)|| = sup (b, R(0", W,,))
Ibl|<1
< max, valn(a* + t*(é\n —0):a,) — V.05 a,)

5 o[o.-o])

1 o~ .,
SEZ\D2]<Xj)
j=1

~

0, — 0"

op

0, — 0 0, — 0

Similarly, we can show that
<b, R (6, én)> - <b, {v?,zn@ (0, — 0,);an) — V31, (6, an)} B, — §n>> .

Under Assumption 2, we have

HR/(é\n’a en)
= sup (b, R’(é\n/,é\n)
bS1< >
< 2 n ) , n . o 2 n . n , — n
_ng}gl veln(en +t (en 0n)7 a’n) Veln(ena a’n) op en en
1 <~ _a, . ~
<= (X6, — , _
_njzl% (%) |6 = 8| v (|| — 8]

]

Proof of Theorem 4.2. Write 8,, = 8M" for the ease of exposition. By Theorem 4.1, we know
that é\n converges to 8* almost surely. By Lemma 14.12, with probability 1, there exists
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random integer N < oo such that for any n > N, Van(é\n; a,) =0. Let W, = \/ﬁ(é\n —0%).

Recall the remainder function defined in Lemma 14.14,
R(6*,W,,) := Vol (0" + W, /v/n; a,) — Vol (0% a,) — Vil.(0%;a,)W, /vn.
With Vgl,(0* + W, /\/n;a,) = 0 provided n > N in mind, we can write W,
W, = — {V3l.(0% a,)} " {/aVol,(0":a,) + ViR(8 W,)} . (131)

The rest of the proof consists of three parts: in Part I, we show that \/nVyl,(0*; a,) 4
P

N0, ,cam(a)Z,(0%)); in Part II, we show that V5l,(0% a,) = — >, 4 7(a)Z,(6%); and
in Part III, we show that /nR(0*, W,,) = 0,(1).

Part I: Show that /nVyl,(0*;a,) KN N(0,>,cam(a)Z,(6%)) as n — oo Let b be any
constant vector in R? with [|b|| =1. Fori =1,...,n, let

1
vn
Set F; = o{ay, Xy,a9, Xo, -+ ,a;, X;} for any i > 1 and Fy denote the trivial c—algebra.
Applying the Dominated Convergence Theorem, coupled with the classical proof of differ-

Eni = —=b"Vglog for 0. (X;).

entiation under the integral sign, we arrive at the conclusion that E(¢, ;|F;—1) = 0, which
implies that E(&,;) = 0. Denote o2 ; := E(&2,|Fi—1) = +b"Z,,(6%)b.

Let S, := > 1" &4 Note that E(S,) = 0 and E(S;) < oo, since E(£? ;) < oo for all i.
Then, {S,, Fn}n>1 is a martingale array with mean 0 and finite variance. We will apply the
martingale central limit theorem to S,,. We check the conditions first.

We first check the conditional variance condition. We write

Zafm = b’ {% ZI@(@*)} b=0b" {Zﬁn(a)la(e*)} b.

acA

Due to the convergence assumption of 7,, we have

b" {2;4fn(a)Ia(9*)} b5 b” {Z;‘ﬂa)za(o*)} b.

Then the conditional variance condition holds.

We then check the conditional Lindeberg’s condition. Assume random variables {X*},c 4
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have densities { fg+ 4 faca, respectively. For any ¢ > 0, with probability 1,

ZE{f (1€nil > )| Fimr} <ZE{||V010gfe (XD I(|Velog fo- a(X*)|| > Vne)} .

a=1

By Assumption 2,

lim E {||Velog fo-o(X)|* I(|[Volog fo-.o(X)]| > v/ne)} =

Thus, the conditional Lindeberg condition holds.
By the Martingale Central Limit Theorem (Corollary 3.1 in Hall and Heyde (1980)), we

" ngﬁzv<o bT{ZW } )

acA
It follows by Cramér-Wold theorem (see Billingsley (1999) p383) that

ViVl (0% a,) S N (o, Zw(am(e*)) . (132)

acA

Part II: Show that V3[,(60*; a,) LA — > weaT(a)Z,(0%) Foreachi=1,...,n, by As-

sumption A3, we have
E {V3 108 for o, (X0) | Fit} = —Z,, (6.

Also, the conditional expectation has
1 < - P
— 7, (0%)=1™(0") = Z.(0%),
nz_; (67) (67) ;W(a) (67)

due to the convergence assumption of 7,,.

For each i,l =1, ..., p, define

Cu= 2 |(VologferalX),|.

aEAvXaNfB*,a(')

Then, for all x > 0 and 7,1 > 1,

{‘(Vglogfg* ‘ >x} <P{G;; > =}
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This implies that ) . , E(‘(Vg log fg*’a(X“))Z.J‘) < > i E(Giy) < oo under Assumption 2.

By Lemma 13.2 and the Slutsky’s theorem, we arrive at
1 n
- > " V310g for 0, (Xi) = Vala(0%1a,) 5 — Y m(a)Z,(6%). (133)
i=1 acA

Part ITII: Show that /nR(0*, W,,) = 0,(1) According to Lemma 14.13 and Lemma 14.14,

we know that

[vare:, W) < - 3wy () Wl o6, - o)), (134)
By (131), we have
W < H{vzzn(e*;an)}‘1 . {|[VnVel. (6% a,)|| + || VRO, W,)| } . (135)

The above two inequalities together implies

Ly wy ()0 ( |6, - o

) ||t

VAVl (6]

lVnR(", W) < (136)

L= W) (930 | w ((0n —0])
given that - >7" | W)/ (X)) ){Vgln(O*)}fl Opw (‘ 6, — 6* ) < 1. We have shown in (133)
in Part II that

Valn(0%a,) = =Y m(a)Z,(07) + 0,(1),

acA
and thus
[SCETA) e (Z w(am(e*)) +op(1). (137)
acA

Furthermore, under Assumption 5, by the consistency result in Theorem 4.1 and Lemma
14.13, we have

6, — 0*|| = 0,(1),

which implies that

1~ a ~
~ 2P () 6,6
J=1

{Vil(01)} "

A ) =o,(1). (138)
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Let the event D, := {1 — 177 | U;'(X;) 6, — 6*

{V31.,(07)} "

l

) > %} We have
P(D,) — 1, as n — oo.

On the event D,,, according to (132) , we have

[VnVoln(67)]| = O,(1).

which together with (136), (138) and Lemma 14.13 yields ||W,|| = O,(1). It follows from
(134) that

|VnR(6*, W) || = 0,(1).

Therefore, applying Slutsky’s Theorem and the continuous mapping Theorem to (131), we

have )
w, SN o, <Z7T(a)la(9*)> ,
acA

which concludes the proof. ]

14.5 Proof of Theorem 4.3

We first present an extension of the classic convergence theorem by Robbins and Siegmund
(1971), which is frequently employed to prove convergence of stochastic processes within the
fields of stochastic approximation and reinforcement learning. It provides conditions on a
stochastic process {Z,} for it to converge almost surely. The following modified version of
the Robbins-Siegmund Theorem allows us to obtain a better estimate of the convergence
rate of {Z,}. Later in this section, we will apply this result to Z, = Fg«(7,) — Fg-(m*) for
proving Theorem 4.3.

Lemma 14.15 (Modified Robbins-Siegmund Theorem). Let a,,c, be integrable random
variables and Z, be a non-negative integrable random variable adaptive to filtration F, for
alln > 1, and F; C Fy---. Assume that

E[Zp | Fol < (1 —ay) Zy+ ¢y, foralln > 1. (139)

Set a,, = max{0, —a,} and a;f = max{0,a,}. Assume
Za; < Q.
n=1
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Then, the following statements hold.

1. If
Z ¢, exists with probability 1, (140)

n=1
then there exists non-negative random variable Z., such that lim, .. Z, = Zs with

probability 1.

2. If we assume (140) holds and further require

{atZ,}° | are all intergrable, and Zan = 400 with probability 1, (141)
n=1

then lim,, o Z, = 0 with probability 1.

3. Assume (141) holds. If there exists 0 < 8 < ¢ such that a,, > £ and the limit )" nPe,
exists with probability 1, then lim,, ... n°Z, = 0 with probability 1.

Proof of Lemma 14.15.
Part 1 First of all, (139) implies
E[Zp1 | Fo] < (1 + a;) L+ Cp.

Set Z! = W, and ¢, = m Notice that Y7  a, < oo implies [[*7,(1+a;,) <

0o. By Abel’s test for series (see Exercise 9.15 in Ghorpade and Limaye (2006)), we know
that

P(Zc’n exsits > =1, (142)
n=1

Because || < |cn|, 0 < Z!, < Z,, as well as ¢, and Z,, are integrable, we know that ¢, and

Z,, are also integrable. Note that
E[Z,.,|F.) <Z, +d,. (143)

Let Vi=Z2Z] and Y,, = Z] — (¢, + --- + ¢,_;), which are integrable for all n > 2. We know
that Y,, is integrable for all n > 1. By (143), we obtain

[V, | F) < Y, (144)
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Let 70 = inf{n;) ,_, ¢, > T}, for any T' > 0. Note that {r7p > n} ={>"1" ¢, <T} € F,.

i=1""n
Because . .
Yoney, = > Yi-I(rp = 1) + Y, - I(7r > n), and [Your | <> [V,
=1 i=1
we obtain that Y, .., is integrable for all n > 1.
By the definition of 7, we know that i < 7p — 1 = 22:1 ¢, < T, which implies that
for any n > 1

nATp—1

Yn/\TT Z - Z C;C Z -T.
k=1
By (144), we know that for any n > 1,
BV erl ] = Yy I(7r < 1) + BVt Foll (77 > )

<D Yol (rr =) + Yal (77 > 1) = Yopry, and
=1

0 < EYypry + T < -+ <E[Yinmg + T] =EZ, + T < c0.

This concludes that Y, x.. +7 is a non-negative supermartingale (see Section 1.1 in Hall and
Heyde (1980)). Applying Doob’s convergence theorem (see Theorem 2.5 in Hall and Heyde
(1980)) to L' uniformly bounded submartingale — (Y1, +7') , we know that lim,, o Yo,
exists and is finite for any 7" > 0.

In conclusion, lim,,_,,, Y, exists and is finite almost surely on event
n
{TT:oo}:{ZCQSTforanynz 1} for any T > 0.
i=1

Combining this with (142), we know that lim,,_,~, Y;, exists and is finite almost surely. Hence,

with probability 1, we have

— o —_ - : _ /
Zoo= Jim 2, =[]0+ o) (Jim vi - 3 ch).
n=1 k=1
Part 2 Because a7 = max{0,a,}, we have a/, = _9i_ > (. Similar to the arguments in

1+a,
Part 1, we have

E[Z, | F) <(1-a,)Z, +d,.
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Because we assume that ) | a, = +oo with probability 1, we have

N ] N
/ _
Zan > [Ee— Z(&n —a, ) — +o0,

n=1 n=1

as N — oo with probability 1. Let Y/ = Z] and for any n > 2

n—1 n—1
! !/ § / !/ E /
k=1 k=1

Since |a,| < |a,|, |a,Z]| < a}fZ,, |a,| and a}f Z, are intergrable, we know that Y, is inter-
grable for any n > 1. Similar to the arguments in Part 1, we obtain that Y, . is intergrable
for any T' > 0,

E[Y, 41 [Fn] £ Y, and
Y?;/\TT Z - Z C;g 2 _T7 and

ElY (i aynep [ Fn] = Yo, I(rr < n) + B[V, | Fol (70 > )

< ZY:F/TI(TT = l) + YTILI(TT > n) = Yri/\‘rT'
=1

In conclusion, we obtain that Y/, is a super-martingale, such that

nATT

0<E[Y!

nATT

+T) < <E[Y,, + T =EZ + T < cc.

This concludes that {Y
1.1 in Hall and Heyde (1980)). Applying Doob’s convergence theorem (see Theorem 2.5 in
Hall and Heyde (1980)) to L' uniformly bounded submartingale —(Y,/, +T'), we know that

nATT

exists and is finite for any 7" > 0. Similar to the arguments in Part 1, we know

nrp + T2 is a L' uniformly bounded supermartingale (see Section

3 /!
limy, 00 Yam,

that with probability 1, lim, . Y, exists and is finite.
Notice that with probability 1,

n—1 n—1 n—1
OSZ(I;CZ;CZYA—Z;—FZC%SYA—FZC%<OO.
k=1

k=1 k=1

Combined with (142), we obtain that Y, | a}.Z} exists with probability 1.
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Because with probability 1,

Zafn = +o00, z:a;gZ,’C < oo, and lim Z, exists,
we obtain that with probability 1
lim Z, = 0.
n—oo
Part 3 We define g(t) = (1 — ct)(1 + ), > 0. Notice that lim; M =4(0) =
—(c— B) < 0. Thus, there exists N > 0 such that g(£) < 1— <2 for all n > N. Define
Cn,=(n+1)Pc, and A, =1 — A/, where

s g(%),n<N
! 1-<2 n>N.
Note that
(n+1)8 1 s c 1 ,
VT d—a)<0+)P1=-)=g(2) <A =1—A,,n>1.
Tl —a) S (140 - = () < 4, ">

This implies that
E[(n+1)Zy | Fu] < 1= A4)n"Z, + C,.

Alee s a monotone and bounded sequence

Because the limit 7 | nfe, exists and {(%)

with probability 1, by Abel’s test for series (see Exercise 9.15 in Ghorpade and Limaye
(2006)), the limit ) >, C), exists with probability 1.
It is straightforward to check that

iAn:oo, and iA; < 00.
n=1

n=1

Applying the second conclusion in Lemma 14.15, we obtain that with probability 1

lim n”Z, = 0.

n—oo
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In the rest of the section, let Z,, = Fg«(7,) — Fo-(7*).  Applying Assumption 5 and

Lemma 13.7, we know that Fg(7r) is convex in 7. Notice

n—1 1
fn,1 + Egan) - ]Fg* (71'*) ,

E[Z, | Fn1] = Fo- (
and
Zp1 =Fge (1) — Fo (77).
Lemma 14.16. Ky defined in (127) satisfies that
o m.w € Ky,t€(0,1) = tw+ (1 —-t)n" € Kyys, and
o € Ky = M ({Z7(0)}71) < %U

Moreover, there exists Uy > 0 such that

U arg 7?61‘19% Fg(m) C Ky,. (145)
6co

and for both generalized GI10 and GI1 defined in (76) and (77), and for all n > ny, we have

T, € KUO,VTL > ng,

where ng satisfies that Y., T..(68o) is non-singular for some 6, € ©.

Proof of Lemma 14.16. For any 7,7’ € Ky, and t € (0,1/2],

| S

1
max mintr(a) + (1 —t)7'(a) > = max min 7' (a) >
SCA:S is relevant a€S 2 SC.A:S is relevant a€S

When t € [1/2,1), we can obtain the same lower bound, which means that tw + (1 — )7’ €
Ky for any ¢ € (0,1). For any w € S4, define

= SCA:g'rilsal)rilevant 1(5161;17-((61). (146>

By Assumption 6B,

eI, XY m(a)TL(0) 2 > L.(0) 22 Py, .00 (147)

acA a:m(a)>0

Notice that for any 0,

;>0 = ZI7(0) - 0 = dim <V{am(a)>0}(0)) =p = W > n(li)now(a) > 0.
a;m(a)>
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Thus, we know that 7; > 0, if and only if Z™(6*) is nonsingular, if and only if Z7(0) is
nonsingular for any 0 € ©.

Let Q = {a € A;m(a) > w;}. We will show by contradiction that if @ is not empty,
then dim(Vg) < p. If dim(Vy) = p, then by Assumption 6B, we know that Py, @) = I,. By
(16), we know that Z™(0*) is nonsingluar, which means that @ C A is relevant. However,
mingeq 7(a) > 7, which contradicts the definition of 7r; in (146).

Thus, dim(Vg) < p and Py, e # I, By Assumption 6B, we obtain

eI, 2 m(a)I,(0) 2 Y w(a)Ze(0) + Y mL,(0) - Py +omy -, (148)
acA acQ agqQ

Applying Courant—Fischer—Weyl min-max principle (see Chapter I of Hilbert and Courant
(1953) or Corollary III.1.2 in Bhatia (1997)) for Rayleigh quotient on (148), we obtain that

)\mm<Iﬂ-(9)) € [QTI’[,E’TI’[]. (149)
Applying Theorem 14.1, w € Ky implies Apnin(Z7(60)) > cU, which further implies
Amaz ({Z7(0)}71) < 5
Also, we have

Amax ({Z7(0%)}71) = 00 <= Apax({Z7(0)} ') 5 0,V €O < 7 — 0.  (150)

We will show (145) by contradiction. Set U, = +. Assume, in contrast to (145), that there
exists O" € © and 7" € SA, such that

n n - 1
Fg.(m") = min Fg,(m), and o} < U, = .
Then,
i sup ¥ (") = Hinsup 1ol B (m) < g mip Fafm) <o (151)

Set A, = I7"(0). We know that [|A,l|,, < ¢ and by (149) A\pin(A,) < emf < ¢/n. Let
Go(A;") = 9,(A,"). When g = 0, we know that

n

lim min ®y(A; ") > lim log(n/c) + (p — 1) log(1/¢) = oc. (152)

n—oo 0c® n—o00

When ¢ > 0, we know that

lim min ®,(A;") > lim min A\, (A,") > lim n/c = (153)

n—oo 0O n—oo 0O n—o00
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Combining (152) and (153) with Assumption 5 and (150), we know that

lim minFg(7") = lim minGy({Z™ (8)} ') = 0. (154)

770 6cO 77 —00c®

By equivalence result (150) and limit result (154), since 7} — 0 as n — oo, we obtain

liminf Fyg, (") > lim inf min Fg(7") — oo,
n—00 w7 —0 6c®

which contradicts (151). Thus, (145) holds.
By Theorem 14.1, we know that there exists Uy > 0 such that

7™, € Ky,,n > ny.

Combined with (149), we completes the proof. O

Lemma 14.17. Under Assumptions 1-5, there exists Ly < oo such that

|VVeFg(m)|, < Ly, and HV2]F‘9(7T)HOP < Ly,

op —

for any @ € ©® and w € Ky .
Proof of Lemma 14.17. Define ug(A) = Gog(A™1).

For any positive definite matrix A, each element of A~! is a well-defined composition of
elementary functions of A. Therefore, each element of A~! is infinitely differentiable.

By Assumptions 5 and Lemma 13.5, VGg(X) and V2Gy(X) are continuous in (6,X)
for any 6 € © and positive definite matrix 3. Set A = Z7(6). We have Fg(7) = ug(Z7(0)).

By the chain rule, we know that

O Fo(m) = <iu9<A> (155)

06; 0A

0Z™(0) 0 1
; + Go(ATY)

A=1~(0)
Notice that each element of 8%11,9(14)| A=T7(6) is continuously differentiable in A. Thus

A0 (T6) (156)

exists and is continuous in (7, 0) € Ky x ©.

Furthermore, we know that

0 0I™(0) _ 9L.(6)

or(a) 00, oo, (157)
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8(8

or(a) \ 06; Go(A™)

0 0
= 575 5Go(A™") L.(0) ). (158)
A=I7(0) ) < 90; 0A A=T7(0)

Combining (155), (156), (157) and (158), we obtain that ||[VVeFg(7)| is continuous over
© x Ky for any U > 0. By Lemma 14.16 and the definition of Ky in (127), we know that
Ky is a close subset of S#. Thus, ® x Ky is compact.

By chain rule, we know that

0 0
87T—@Fe(ﬂ-) = <8—AUG<A)

Because ug(Z™(0)) is twice continously differentiable in A, we know that V2Fg(m) is con-

w> - <a%u9(zﬂ(9)>,za(e)>. (159)

A=T7(9) " On(a)

tinuous over compact set © x Ky for any U.

In conclusion, there exists Ly < oo such that

|VVeFe(m)l|,, < Ly, and HVQIFG(W)HOP < Ly,

op
for any 8 € ® and 7™ € K. ]
Lemma 14.18. Under Assumptions 1-5 as well as 6A-TA (or 6B-7B), the generalized GI0

and (76) and GI1, defined in (77), satisfy that there exists a constant L > 0 such thalt,

1 L
Fo, () = Fo,_, (1) < (1= ) (Fo, ,(Fu1) = Fo,_, () + 50 2 np. (160)

Proof of Lemma 14.18. By Theorem 14.1 and Lemma 14.16, there exists 0 < U < oo such

that 7, 7 € Ky, where we define

. :
7 € arg min Fg _ (7).
TESA

By Lemma 13.7, Fg _, () is convex in 7. According to Jensen’s inequality,

n,—-l__ 1 * n—1 — 1 *
]Fenfl( Trn_l —I— EWTL> S IE"?977,71 (Trn_l) + EFenfl (ﬂn) (16]‘)
Thus,
n—1_ 1, . 1 _ «
Fo, (st )~ Fo, ,(m) < (1~ )(Fo, ,(Fumr) ~Fo ,(m). (162
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Notice that

Fo ,(— 1fn,1 + %w;;) —TFo,  (Fn1) = <VF9n_l(fn1), %71'; - %fn1> + R(Fp_1, 1),
(163)
where
BTy 1, m") = <VF9M(7«) —VFe (1), %77; - %fn_1> ,

for some 7’ between 7,,_; and "T’lfn_l + %71';';. By Lemma 14.16, we know that 7’ € Ky s.

By Assumptions 1-5 and Lemma 14.17, there exists a constant C’ < oo such that

[R(T1, 7))
1 * 1— 2 2
<=7} — =7 n_1]| sup HV FG(W)H
n n TEKy /2,060
' (164)
<—  sup ||V21F9(7r)||
N" neKy 0,060

L

— 5
n2

op

op

where
L=C" sup |[V*Fg(m)| < oo.

TFGKU/Q,eE@ op

By Lemma 13.4, we know that

0

(VFg(7),0,) = )

Fo(m) = = (VGo({Z7(0)} ). {Z7(0)} "Z.(0){Z"(6)} ).

Let a%l) be the experiment selected following the generalized GI1. Then, according to the

definition of GI1, it minimizes the following function over S* with respect to a:

n

1 1 k 1 1
<VF9n1(ﬂ'n_1), ﬁﬂ' — —7rn_1> = Zﬂ'(a) <VIF9n1(Trn_1), 55,1 — —7'rn_1> )

a=1

By similar Taylor expansion arguments as those for (164), we have for all n > ny,

n—1_ 1 - o 1 1 L
Foo ("L y 4 15 ) = Fo,\(Fus) - <wen_1<wn_1>, L5 - —wn_1>‘ <L
n n - n - n n

The above inequality implies that for all n > ng, GI1 satisfies

_ n—1_ 1 n—1_ 1, L
Fé\n,l(ﬂ-n) = Fé\n—l(Tﬂ-nfl -+ Eéagll)) S Fé\ 1( Th_1+ ;ﬂ-n) + E (165)




For GIO, let a'? be the experiment selected at time n. Then, according to its definition we

have ) . )
n—1_ n—
Fan,l(Tﬂnq + 55(1510)) <Fsz (

n—1

1
o1+ 55“%1))' (166)

Therefore, the proof of Lemma 14.18 is concluded by combining inequalities (162) — (166).
[l

Lemma 14.19. Under Assumptions 1-5 as well as 6A-7A (or 6B-7B), the generalized G10
selection (76) and GI1 selection (77) satisfy that there exists 0 < C' < oo such that

]Fg* (fn) — ]Fg* (ﬂ'*) S (1 — %)(Fg* (fn_l) — ]Fg* (ﬂ'*)) + Cp—1,M 2 no, (167)

where ¢y =5 + £ 6,-1 — 0.
Proof of Lemma 14.19. We can rewrite (160) as
Fo, (%) ~ Fo, (Tumr) + = (Fo, , (Fur) ~ Fo, (7)) < 5. (168)
We first show that for all g, 1 € Ky, and 61,05 € O,
[Fo, (1) — Fo, (o) — {Fo,(m1) — Fo, (m0) }| < C1 [|mo — 1| |01 — 2], (169)

where C1 = suprck, , oco [VoVFo ()|, is a positive constant. To show this, set g(t) =
Fo,(m(t)) — Fo,(m(t)), where mw(t) = tmwy + (1 — t)mo,t € [0,1] and 7y, m; € Ky, where Ky
is chosen according to the proof of Lemma 14.18. By Lagrange mean value theorem, there
exists 0 < ¢ < 1 such that

9(1) = 9(0) = ¢'(t) = (VFe, (m(t)) — VFo, (7 (1)), m1 — 7o) .

By Assumptions 1-5, Lemma 14.16 and Lemma 14.17, we know that

VF T t)) — VF L\ 70 t
[VEFo, ((t)) = VEo,(w(O) . () |0y vE(m)]),, < oo.
160, — 6s|| Ky )2,0€0

Set
Ci= sup [[VeVFe(m)l,,-

TFEKU/Q,GE@

Then, the above inequality implies (169). Note that



The above inequality together with (169) implies

|(Fo- (7n) — Fo« (Tn-1)) — (Fo,_, (7) — Fo,_, (Tn-1))| < 2701 10,-1 — 07|, and (170)
|(Fo(n-1) — Fo- (7)) — (Fo,_,(Fn-1) — Fo,_,(7"))| < 2C1 |01 — 07|
Because Fg (") > Fo,_,(7*), we have
(Fo- (7-1) — Fo- (77)) — (Fo,_, (Tn-1) — Fo, (7))
<(Fo:- (n-1) — Fo- (7)) — (Fo,_, (Tn-1) — Fo,_, (7)) (171)

<2C [|0,,-1 — 07| .

By triangular inequality, inequalities (168), (170) and (171), we obtain

Fo- () = Fo- (7o) + = (Fo- (F1) = Fo-(n°)

<|(Fo- (n) = Fo- (1)) = (Fo, ., (Tn) = Fo, , (Tn1))]

_ _ 1 _ . 20, 10,1 — 6*|| (172)
+ (Bo, (%) ~ Fo,_, (1)) + (o, (Fu) — Fo, () + 22101 2 O]
AC L
<— |01 — 0] + .
n n
In conclusion, we know that
_ —_ 1 — *
Fo«(7,) — Fo« (T0,—1) + E(]Fo*(ﬂ'n—ﬁ —Fo« (")) < ¢,
where ¢,_1 = 5 4+ £ 6,1 — 0*||, and C = 4C, + L. O

As a corollary of Theorem 4.2, we establish the following:

Corollary 14.20. Under Assumptions 1-5 as well as Assumptions 6A-TA (or Assump-
tions 6B-7B), if there exists U > 0 such that n > ngy = 7w, € Ky, then with probability

1,
t

V(O — 67)

)
2 : —s

n < 0.
n=1

provided s > 1,0 <t < 2.

Proof of Corollary 14.20. Let §n = é\};/IL We first assume ¢ = 2. Applying Lemma 14.13,

. 2 1 -1 !
hgljogp 1{—V5i.(0)} Hop < Minge g, Amin(17(0%))
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Set D, = {1-L 57" 05 (X)) 6, — 6

INCACH I I ) > L IH=V30(6)} 1, <

2 ) } By Lemma 4.1, we know that

minge g Amin (17" (9*

P (G N Dm) 1 (173)

n=1m=n

Note that (134) and (135) yield

|{v3L.(0m) "

1=y wg (X)) (V567!

VAVl (8]
()

where C' < 0o and W, = \/n(0M" — 6*). Set S, = Yy Veolog forq,(X;). By Assumption

2, we know that

— < C'||v/nVel, (6],
0, — 6r

o* i=maxBEx ., {[Va log for (X))} < o0.

By induction, we obtain that

E ||vaVel.(6")||"
1

1
ZEE [E { HlOg fG*,an (Xn> + Sn—1||2| ]:n—l}]

=B [0t + 2 (1, E {108 for (X)) Far}) + E { ok o, (X,) ] )]

1
:HE [HSn—lHQ +E { ||10g f@*,an (Xn)||2‘ ‘Fn—l}}

1
gﬁ (E||Sp-i]? +02) < -+ < 0%

2

Apply Lemma 13.1 with X, = ni ﬁ(én—e*) , B, = D,, v =1, and ¢, ; =

L(C")E[[V/nV ol (07| | Fazr], because

Sp <7
n=0

n=1

we obtain that with probability 1,

ins.E{H\/ﬁ(én—o*)

2
IDn} < 0.
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Combined with (173), we obtain that

~ 2
(6, — 0)|| Ipc = oo)

2IDn :oo> +]P’<ins

~ 2
that is, Y~ n~°||v/n(0, — 6*)|| < co with probability 1.

IfO<t<2setsg=1—1% s5=2, 30:%,p:s—11>1,andq:é>1. We have
1/p+1/g=1, and s; + 3 + 259 = s. Notice that

s 1/p 00 1/p
(Srer) "= (S
n=1

n=1

and with probability 1

E n—(82+80

By Holder’s inequality, with probability 1

<Z n—(s1+s0)p ) (Z n—(s2+s0)g

\/ﬁ(é\n - 0*> 2

Vi@, - o)

< oQ.

0
— E :n—l—soq
n=1

9 - 67)

Zns

Vi(, — 67)

1/q
) .

]

Lemma 14.21. Under Assumptions 1-5 as well as Assumptions 6A-7A (or Assumptions 6B-
7B), if the sequence of estimators én satisfies that for 0 < g < %

3

n>ngo

6, 1 — G*H < 00 a.s. (174)

then the generalized GI0 and GI1 (with 6,, replaced by é\n) satisfy
n’Z, “ 0,

where Z, = Fo«(T,) — Fo-(7*).
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Proof of Lemma 14.21. Based on Lemma 14.19, the GI0 and GI1 selection rules satisfy that

there exists C' < oo such that for any n > ny,

1
E [Zn ‘ -anl] S (1 - _) anl + Cp—1,
n

L e

where ¢,_; = C<—2 +

n

>. Notice that with probability 1, we have

00 0o 1 ‘ en—l — O*
B B
S -y 0o (o )
n=ng+1 n=no
oo oo
1 C «
= > Ot Y -0 <o
n=ng+1 n=no+

Applying the third part of Lemma 14.15 to Z,, with a, = 1/(n+ 1), ¢ = 1, we obtain
nfZ, 25 0.

]

Proof of Theorem 4.3. By Corollary 14.20, we know that with probability 1, if 0 < g < %,
then with probability 1,

o0 oo
B8-1 _ B—3/2

By Lemma 14.21, we obtain that n®Z, — 0 a.s. P,. That is, lim,,_,oc n°{Fg-(7,,) — Fg- (7*)},

a.s.

@LAL—O* < 00.

V(0" - 6°)

Next, we prove by contradiction that, when Fg«(-) has a unique minimizer, we also have
lim,,_, 7, = w* a.s. Assume, on the contrary, that there exists a sub-sequence such that
T, — ™ # 7, as | — co. Then, by the continuity of Fg:(-), we have Fg«(7,,,) — Fg: (7).

Set B = 0. We obtain that

Fo-(7,) — Fo«(7") a.s. P,.

Given that Fg-(7r) has a unique global minimizer, it must be the case that Fg«(71) # Fo«(7*).

This contradicts with the above display. O
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14.6 Proof of Theorem 4.4

Proof of Theorem 4.4. By applying Theorem 4.2 and Theorem 4.3, we conclude the proof of
Theorem 4.4. ]

14.7 Proof of Theorem 4.5

Proof of Theorem 4.5. Under the assumptions of Theorem 4.4, the conclusions from Theo-

rem 4.1 and Theorem 4.3 still apply. Hence, we have

lim Z7(0)") = lim Y 7, (a)Z,(6") =™ (8") as. |,
n—0o0 n—oo

acA

and

a.s.

lim |[{Z7(BY")} /29900 | = {27 (6")} /27 g(6")

n—oo
By Slutsky’s theorem and Theorem 4.4, we derive the limit result as in (23).
Moreover, through the Delta method, we find

Vilg(BY) — g(87) 4
Hz= )y vgery) Y

Once again, by Slutsky’s theorem, we establish the limit result in (24). O

14.8 Proof of Theorem 4.8

We first provide an extension of the Cramér-Rao lower bound for unbiased estimators based

on sequential observations following an active experiment selection rule.

Lemma 14.22 (Crarher-Rao lower bound for sequential data). Assume that for some initial
values al, - - - ,a?lo € A, we consider initial selections a; = a? fori=1,... ng, such that the
sum Yy 0, Iag(e) s nonsingular for all @ € ©. Given any deterministic selection function
hyn, we consider the selections a, = hyp(ay, X1, -+ ,ap-1,Xn-1) € ANVn > ng. Let T,, =
T(Xy, Xy, -+, Xy, ay,) be an unbiased estimator of vector h(0) with a finite second moment,
for all @ € ©, that is h(8) = Eg[T,,] and supgcg o ||T,||° < co. Then, under Assumptions 1-
4, we have

cove(T),) = %{vghw)}T{zEeﬂn(e)}—lvghw).

Specifically, if h(0) = 0, then

Gg(ﬂCOVg(Tn)) 2 inf Gg({I”(G)}_l)

TESA
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Proof of Lemma 14.22. Assume h(0) € R'. For any b € R, define hy(0) = bTEy [Tn

Let {X¢}acai>1 be a sequence of independent random elements, such that X ~ fg.(-).
According to Lemma 13.8, we can assume that the observations and experiments are
ap, X', -+, an, X2 in the rest of the proof, where a, 1 = hyi1(ar, X7, -+ a,, X2), for
all n > ny.

The joint density for X! = {X*}1<icnaea and a, = (a1, ,a,) is given by

n
fO(XrJ:laa'n) = H H f@,a(qu)[<al = al’ T, 0py = an0>ano+1 = an0+1’ T, = an)'

i=1 acA

Notice that

Vofo(X;'a") = fo(X;',a™) D ) Valog fou(X{).

i=1 a€A
Assume that probability density fg.(-) is with respect to baseline measure f,(-). By As-
sumption 2, denote the support of probability density fg.(-) by €, = supp(fe..), which does
not depend on 6. Let product measure du"(XA) = [1i<icnaca d1a(X), and product space
Q' = X0eaQa, O = Xgeufly x Q7L
Set T,, = T,,(ay, X", -+, an, X). Because

Bolb"T] = / b7 Th(an, X0,y X0) fo( X, a)dp™ (X7,

anreAn

we know that

Vohy(0) = VoEe[b' T, = > ve/ b T, (ar, X{*, -+ ap, X2) fo( XA, @™)dp™(X2).

anreAn

By Assumption 2, we know that for any a € A
IVelog fo.u(XU) < [IVelog fora (X + Wi(X?) max [0 — €' =: Fo(X*), VX" € Qu,
where the dominate function F, satisfies that

sup Exap, {Fu(X")}? < 0.
6cO
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Notice that

/ bTTn(a’lv Xinv T, Ap, XZ”)V@fe(X:t, a’n)dun(X;f‘)

:/ bTTn(a’hXillv e 7GmX5") Z Zve log fG,a(qu)fO(X;LL" a'n>d/~’l'n(X;L4)7

i=1 acA

BTSSR

i=1 a€A

b'T, > ) Velog fo(X})

i=1 a€A

and by Holder’s inequality,

BT D03 F(X0) < 303 (Bl 67T - Bal(Fu(X))]) < o0

i=1 a€A i=1 acA

Taking into account that 2" is independent of 8, and by applying the Dominated Con-
vergence Theorem together with the classical proof of differentiation under the integral sign,

we arrive at
VG/ bTT"(aleilla"' >a’n7Xgn)f9<X1;4>an)d“n(Xﬁ4)

:/ bTT’VL(ala Xfla cr O, XS”)ngB(X;LA, a’n)dl“l’n<X;L4)

In conclusion, we know that

Vohs(0) = Eq

b"T, > ) Velog fg,a(Xg)] .

i=1 acA

Next, we show that

Eo

BT,Y S Volog fo,a(X?)] -0, (175)

i=1 a€A,a#a;
First of all, let F;y1 = of{a1, X{*, a2, X532, -+ ,a;, X;"}. Note that a,y; is measurable with

respect to F; for all . Notice that {X2},c4 are independent of F,,_1, as well as { X2 }oeaaa,
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and X% are independent, given F,_;. Also recall that a,, is measurable in F,,_;. Thus,

Eo[bTTn Z Vo log fo..(X) -7:n71,Xff”}
a€A,a#an

I
acA,a#an

—o'T, Eg[Vglog foa(X)] =0.
a€A,atan .

Note that for fixed 1 < i < n, {X]‘?}jzi,ae 4 and F;_; are independent. Define another
o-algebra, G; 1 = 0(Fi—1,{X{}it1<j<naca). Note that a;, a1, ,a, are measurable in
0(Gi—1, X{""). Furthermore, {X}4ca 020, and X are independent, given G, ;. Thus, for
any 1 <i1<n

E0|:bTTn Z Vo log fo..(X}) gz‘—laXiai}
a€A,a#a;

—b"T, Y EoVolog fou(X?)|Gir, X
a€A,a#a;

=b'T, Z EG[Vﬂlong,a<Xia)
a€A,a#a;

= 0.

By the law of iterated expectation, we have proved (175). Hence, we know that

Vohs(0) = Eq

bTTnVO Z 10g f@,az‘ (lel7)] =0.

i=1
Set Y, = Vg > i log fo.u, (X;"), and we have

Vohs(0) = EoY, T b] = cove(Y,,,b" T,).
By multivariate Cauchy-Schwartz inequality (75), for any b € R’,

b" cove(T),)b
= varg(b' T},)
T -1 T
> covg (b Tn,Yn> { cove(Yn)} COVg (Yn, b Tn>
—b"{Voh(0)}" { cove(Y,)} ' Veh(0)b.
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Note that
Eo[Y; 1{V0108 fo.0. (X)}] = Eo{ ¥i 1 - Bo[{Volog fo.. (X))} |Fia] } =0,
Thus
cove(Y,) = B[V, Y] = Eo[Y, 1 Y,[ ] + Eo[Z,,(0)] = n-I°™ ().
In conclusion, for any b € R!, we obtain that
1 T _ -1
b7 cove(T,)b = varg(b'T,) > b” {ﬁ{vgh(e)} {IE"”"(B)} veh(o)} b.
This implies that

cove(Ty) = %{vghw)}f’{zﬁm(9)}—1v9h(9).

If h(@) = 6, we know that
ncove(T,) = {T%7(6)} .

By assumption 5, we obtain

Go(ncove(T,)) > Go({ZF1(6)} ") > inf Go({Z7(0)} 7).

TESA

Proof of Theorem 4.8.

Part 1 Notice that L(6*, é\) is a loss function, which means that L(6*, (9\) > L(6*,0") =0
Due to L(6*,0) is differentiable in 8, we know that VgL(6*,0) = 0.
Applying first order Taylor expansion to L(60*, §) with respect to é, we obtain that

* 1 * n
L(6".T,) = 5 <ng(0 ,0)]525

(0" —T).0" - T"> >0 0" — T, (176)
where 0,, = t,0* + (1 —t,)T, for some t, € (0,1). Thus,

2

Eg-n - L(0*,T,) > nEe- ||v/n(T, — 6%)

To show (26), without loss of generality, we assume that

lim sup Eg+

n—o0

Vn(T, — 0*)“2 < 00.
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This implies T, % 0. Tt also implies that T, has finite second moment, and, thus, conditions
of Lemma 14.22 are satisfied. By Lemma 14.22, we have cove(T},) = {Z5™ ()} .

~

If L(6%, a) = <H9*(0* —0),0" — §>, we obtain
Eo-[nL(0*,T,)] = n{Hg-~,cove-(T})) > tr(He-{T"™(8*)} ).
If L(6*, 5) = <Hg*(0* — 6), 0" — §>, under the theorem’s assumption

lim sup Eg-n || T, — 0*||> I(|| T, — 6*|| > ¢) = 0.

n—oo

Define V,, = /n(6* — T},), and its truncation V;¥ = V, I(||V,,|| < M). Define

1 .
H(0*,T,) = ing(a*,e)‘A -

=0,

where 6, = t,0*+(1—t,)T,. According to (176),L(6*,T,) = (H(8*,T,)(0* — T,),0" — T,,).

Furthermore, for any ¢ > 0,

Eo:|n - L(6",T,) — (Ho-V,,, V,,) |I(||T,, — 6| < ¢)
< max |H(6",8) — He.|| Eo |V,|?
16—6+|| < op

Now, we obtain that

Ey- [n - L(e*,Tnﬂ > K, [n L0, T) - I(|[V,] < g\/ﬁ)]

Z Eg* <Hg*‘/:\/ﬁ, ‘/ne\/ﬁ> — max H(O*, é\) — Hg*

|66
= Eo- (Ho-V,,, V;,) — Bgent | T, — 07| I(||T;, — 0%|| > €) — o(1)
> min tr(Ho-{Z™(6*)} ") — Eg-no | T,, — 6*||° I(||T;, — 6*|| > &) — o(1),
S

Vall?

Eg-
op

<e

where the last inequality is due to Lemma 14.22. Taking the inferior limit as n — oo and

then taking the inferior limit as e — 0%, we obtain

lim inf Eg- [n - L(67, Tn)] > min tr(He-{Z™(6*)} ).

n—oo weSA

The ‘in particular’ part is proved by noting that Hg- = I, in this case.
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Part 2 Recall the log-likelihood defined in 4. Because fg () = he, o(), we obtain that

1< _
~Val.(0;a,) = _52  Z, Ve, loghe, (X)) Zs, = @ > Tu(a)Z, Za, (177)
i=1 acA

and Ze, o(€a) = —Exanng, , Ve, 10g he, o(X?) = al, where &, = Z,0.
Under Assumption 6A, we obtain Z,(0) = Z!'Z¢, .(€.)Z, and

Valog fo..(X?) = vaga log he, o(X*) Z,,

and

I70°) = > w(a)Z]T¢, (&) 2 = 0 Y _(a) 2] Zy
acA acA

is a positive definite matrix.

Applying the first order Taylor expansion of L(6*, 5) over 8, we obtain that

2

. 1 . - . .
1(6".6,) = 5 <V%L(0*,0)‘A (0*—6,),6" — 9n> <q' o —a,l ., @)

0=0,

where 6, = t,0" + (1 — tn)é\n for some ¢,, € (0,1). Recall that Gg(X) = tr(HeX). Note that
VGe(X) = Hp and k(Hp) < %/ < 0o, which implies that Gg¢(X) satisfies Assumption 5.
By Theorem 4.3, 7, N arg mingcsa Fo- () and Z™ (@) is nonsingular for any

0 € ©, applying Theorem 4.2, we obtain
(@M — 9%) 4 N, (o, {z"*(e*)}*l) as n — 0. (179)

Notice that for any n > ng, by Lemma 14.1 and Assumption 6B, there exists C' > 0 such
that
~V3la(0) = a Y Fu@)Z] Z, = o inf A (ﬁn(a)ZaT Za> I, = 2CI,
acA -
By Taylor expansion, we obtain

0 < (B a,) — (6" a,) < (Voln(6%5 ). 03— 67) — C|

n

Thus,
é\l\/IL . 0*

1
< Q ||V9ln(9*; a,)| -
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By Theorem 6.2 in DasGupta (2008), to show that

Eo- [n ’ oML _ o+ 2] —a({T7(07)) ),

combined with (179), it suffices to show that

1\ 2+
-0 ) < 00.

lim sup Eg- <\/_ )

n—oo

Note that

2+6 1
_ o ) < Eo-

Oy VnVal, (0% a,)||" .

o (

By classical ¢,-inequality (see Chapter 9 of Lin (2010)), we have

n(e*; 2+6 6/2 Z Eg-

2+6

Z \/_e Vg log f{)*,ai (Xl)

Since Y 1, €] el'Volog fo+.,(X;) is a martingale, applying inequality (45) in Lin (2010), we

obtain

2+6 246

—eTva log for s (X:)

< Cyys -/ ZEO ‘—e Vo log for . (Xi)

< Cars  Exongy, | Volog for ol X*)|*

acA
ar |[2+0 5
< Chis > Bxengy., [|Vologheo( X" 11 Za]I2F .
acA
In conclusion, we obtain
246
sup Eg*( 0" ) < 0. (180)
n>ng

Notice that as én s 0%, we know that

1 - P
SVAL(O ,9)‘}1 s Hee.
Thus, we obtain that
nL(6,0)) = n (Ho- (6" — B)1),0° — B ) + 0,(1). (181)



By (180) and (178), we obtain that

1+6/2
sup Eg- [nL(6", 0™ oM — 6"

n>ng

N1+8/2 240
< (n) sup Eg- (ﬁ’ > < 00.

n>ng

Applying Theorem 6.2 in DasGupta (2008), we obtain that as n — oo,
Eo- [nL(O*, é}fm)] — E(Hg-V,V) = tr(Hg-{ZI™(0*)} 1),V ~ N,(0,, {Z™(6*)} ).

Applying Theorem 4.7, the proof of the second part of Theorem 4.8 is completed. O]

14.9 Proof of Theorem 4.9

Proof of Theorem 4.9. The proof of Theorem 4.9 is similar to that of Theorem 8.8 and
Theorem 8.11 in Van der Vaart (2000). Thus, we will only state the main differences and
omit the repetitive details.

For proving the first part of the theorem, we follow the proof of Theorem 8.8 in Van der
Vaart (2000). We need to verify Theorem 8.3, Theorem 7.10, as well as Proposition 8.4, as
presented in Van der Vaart (2000), under our sequential setting.

For proving the second part of the theorem, we follow the proof of Theorem 8.11 in Van der
Vaart (2000). It is sufficient to modify and prove Theorem 7.2 and Proposition 8.6, as
presented in Van der Vaart (2000), under our sequential setting.

Below we verify the above mentioned results in our context.

Differentiable in quadratic mean We need to show that densities {fg(-)}aca are dif-

ferentiable in quadratic mean at @, which means that

[ [ fosnata) = \/foule) = 5070 08 foao)y/Toa®)] dite) = o IR (152

By applying the regularity conditions and using Lemma 7.6 from Van der Vaart (2000), we

have completed the proof of (182) for any a € A and 6, where 0 is an interior point of ©.

Modified Theorem 7.2 in Van der Vaart (2000) We modified Theorem 7.2 in
Van der Vaart (2000) in our context as follows. Let P, g denote the joint distribution of

(a1, X1, ,a,,X,) following some experiment selection rule with the empirical selection
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proportion 7,. Then, given that h,, = h + o(1),

P,

log%?ﬁ(ala)(la”' 7an7Xn)
B f9+h /\/ﬁw(X('lj)
~ log R
]'1;[1 fo.0, (Xj 7 (183)
1 « 1
=— Y hlv,l (XY = ZhRTTZ™(0)h 1
i 2 V0108 0, (X7~ G T(O)h -+ o,(1)

where {X§}oca>1, where X§ ~ fg.(-) are independent random variables, ‘~’ means that
random variables on both sides share the same distribution, the second line is due to
Lemma 13.8, and the last line is obtained following a similar proof as that of Theorem
7.2 in Van der Vaart (2000), which is detailed below.

By Assumptions 1-4, the Dominated Convergence Theorem, and the proof of the classical

differentiation under the integral sign, we arrive at

E[Vo10g fo., (X;)| ;1] = 0 and E| D" Volog fo, (X;")] = 0.

j=1

The proof of the first Equation (7.3) in Van der Vaart (2000) needs to be modified as follows.

Foshn/vina; (X;7) n n aj
Let W,,; = 2 (\/W - 1) and V,, = ijl Wi — \/LﬁhT ijl Vo log fo.q, (Xjﬂ). We

know that

var (V)

1 1
= var (Vn_l) + var (Wm — %thg log fo.a, (X§")> + 2 cov (Vn_l, Wi — %thg log fo.a, (Xf{”))
and

1
cov (anla Wnn - ﬁthﬂ lOg fe,an (in)>

1
=K [(Vn—l - EVn—l) (Wnn - T =

L %thg log fo,an(Xgn)))]

1 " 1
:E{ Vot — EV,))E [(W,m - %the 10 fo.a, (X2) — E(Wpn — -

hTVB 10g f@,an (Xsn) - ]E<Wnn -

h'Vlog fo.u,(X;"))) ‘f n—l} }

=0.
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By induction and (182), we obtain that as n — oo,

var ( > Zvar ( %tho log fe,aj (X]aj)>

szi:E(

) 2
Wn] - _hTVB IOg fﬂ,aj (X]('ZJ ))

NG

fo.a(X$) Vn

(2 el ) - oo o)

<8n2/ \/f9+hn/\/ﬁa \/foa 2\/_h£V9 log fo.q(7) fgﬂ(x)] zdlu(x)

acA

+2(h —h,)" Y T,(6)
acA
=80(||h||*) + 2(h — k)" Y " T.(0) — 0.

acA

Because of (182), we obtain that

w VIrnavmale) -

S(/[ f9+hn/\/ﬁ,a(x

Note that

thfvfﬂogf&am Jou(2)

By inequality |22

N —Hﬁhnvelogfe,a(iv) .

) =/ foulz) — thve log fo.q(7) fe,a(x)]2du(x)>l/2 = 0<% .

2 2
[ il
4nh” «(O)h, O( - )

L2(p)

=12 <l —yl|l=] + lyl| <z = yl[2]z] + | - y]|, we obtain

1
——hTI 0)h
4n n a( ) n

oy

m VIoemapna®) = o) 2

<o) ol o(@)
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Thus, the second Equation (7.3) in Van der Vaart (2000) is modified by

E[Wo;|Fj-1] = 2 /\/feJrhn/\/a,aj () fo,q;(x)du(z) — 1)
/ [\/ NG \/ fo.a,( J = —%hZIaj(O)hn - 0(%) (184)

1
:——hTIa.Oh —o(1
hT,,(0)h+ ~o(1),

where the o(1) converges uniformly to 0 as n — co. Now, we obtain that
n 1 B 1
Em, =m+o(1), and E) W,; = —ZhTIE”"(O)h +o(1) = —ZhTI”(H)h +o(1).
j=1

We define ,
Ay =nW2, — (W'Vg log fo, (X["))

and

ol ) - (o)

Notice that

= (D (e )

acA
<2 2vn (\/ ! “”;0/“(;((;( D 1) = (W 9a108 foulx0) |

P ) (s )

By Holder’s inequality and the definition of differentiable in quadratic mean at @, we obtain
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that

E|A” | S; (E(2ﬁ<\/f9+;9/@()){) ~1) = (A" Vg log fo.u(X?))

(EP\/H(\/JC"*;;L“&;;QG) - 1) + <hTV0 log fe,ai(Xf"))

S; <E‘2\/ﬁ<\/fe+;;/a\gg;))q) o 1) - (the log fe,a(Xi“))
[(E‘Q\/ﬁ<\/f0+hn/\/ﬁ,a(Xg) B 1) BT log fou(X2) 2>1/2

fo.a(X7)
X Q(E‘ (thg log fO,a(Xia)) 2) 1/2} :

2)1/2
2) 1/2
2> 1/2

Due to

(E]wﬁ(\/ ! ”*;9/&(;( D 1) - (W9 10g foa(x2))

S(E‘Z\/ﬁ(\/fe+hn/ﬁ’a(Xf) - 1> - (hfve log fo,a(Xz'a)>

fo.a(XF)
+ (E (hn — h>TVo log fe,a(Xia)r)m

—o(llhal)) + ((h ~ BT O)(h ~ h) " = o(1)

2) 1/2
2> 1/2

we obtain that

E|AL,| = Z ) (o(1) + 2(R"Zu(6)R) ') = o(1).

Because |A,;| < Al,;, we know that E|A,;| — 0 and EL>"" |A,;| — 0 as n — oo. By
Lemma 13.2 and (29), we know that
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By triangle inequality and Markov’s inequality, as n — oo,
P(max (W] > eV2) < nP(|[Wyi| > eV/2)

gnIP((hTVg log ngai(X?ﬁ)Q > n52> + nIP’<|Am-| > n82>

SnIP’(Z (RTVplog fou(X2))” > nEQ) + n]P’<|A;w| > n52>
acA

<IEY (WTV,1 X1 hTVel X))? > ne?) 4 Eu

=22 Z( eogfe,a( z)) (Z( 9nge,a( 1)) >n€)—|— =
acA acA

—0.

Based on the rest of the proof of Theorem 7.2 in Van der Vaart (2000), we complete the
proof of modified Theorem 7.2.

Modified Theorem 7.10 in Van der Vaart (2000) . The modified theorem is as follows:
if statistics T, = Ty, (a1, X7*, -+, an, X?) satisfies the limit results in (29) under every h,
then there exists a randomized statistic T' in the experiment {N,(h,{Z™(0)} ') : h € R?}
such that T;, LT for every h.

The proof mostly follows that of Theorem 7.10 in Van der Vaart (2000) with the following

modifications. Without loss of generality, let
al a TC 1 - aj
Pn,h = Pn,OJrh/\/E(ala X1 y " 7an7Xnn)7 J=1 (0)7 An = ﬁ Z V@ IOg f@,aj (X] )
=1

There exists random vector (S, A) such that
(T, Ay) 5 (S, A).

Applying the modified Theorem 7.2 and follow similar arguments as those in the proof
of Theorem 7.10 in Van der Vaart (2000), we obtain

dPon\ o S T
(Tn,log dPn,o) 2 (S,h A-ch Jh).

The rest of the proof remains unchanged.

Modified Theorem 8.3 in Van der Vaart (2000) With a similar proof, the conclusion
in Theorem 8.3 in Van der Vaart (2000) is modified as follows. If the limit results in (29)
hold, then there exists a randomized statistic T in {N,(h,{Z™(8)}"!) : h € RP} such that
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T — h has the distribution L7 for every h.

Proposition 8.4 in Van der Vaart (2000) This proposition directly apply to our setting
and does not required to be changed.

With the above modifications, we follow a similar proof as that for Theorem 8.8 in Van der
Vaart (2000), we obtain (30) as well as the first part of the theorem.

Proposition 8.6 in Van der Vaart (2000) This proposition directly applies to our
problem and does not need to be modified.

Following the proof of Theorem 8.11 Van der Vaart (2000) with the above modifications,
we complete the proof of (31) and the second part of the theorem. O

14.10 Proof of Theorem 4.10

Proof of Theorem 4.10. By Theorem 4.1, we know that

lim é\ffﬂ“ =60" a.s.
n—0o0

Because lim,, ,,, 7, = o0 a.s., we obtain that

lim é\l\T/IL =60" a.s.
n—oco "

14.11 Proof of Theorem 4.11

We prove the theorem for a class more general stopping rules instead. We first define a

deterministic stopping rule
: 1 ™ -1
7(Tg+,c,0,7) = min {m > ng; —Le«({Z7(0)} ) < c},
m

where ['g is a continuous function that maps a positive definite matrix to a positive number, ¢
is a positive number, 8 € ©, and w € SA. Note that 7(I', ¢, 0, ) = max{ [%1,%},

where [-] is the ceiling function.

Consider a class of functions {I'g }gce, such that for any 0 < u; < uy < o0,

lim max [T9(X)—Te:(X)] =0, and min min Ty(X) > 0. (185)

0—0* ui I <X =<ual 0O ui I <ual
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Define a random stopping time
: 1 Tm (g \1-1
7. = min {m > o, —Ty ({T7(8,,)}7)) < c}, (186)
m m

where ém is an estimator of @ based on m observations. Later, we will show that the stopping
rules considered in Theorem 4.11 are special cases of the general stopping rule defined above.

The following theorem generalizes Theorem 4.11.

Theorem 14.23 (General result for Asymptotic normality with stopping time). Let 52@
be the MLE following the experiment selection rule GI0 or GI1, as described in Algorithm 1
and Algorithm 2. Assume that Fe«(7) has a unique minimizer ©. Let {c,}n>0 be a positive
decreasing sequence such that ¢, — 0 as n — oo. Consider the stopping time 1., given by
(186), where 'y satisfies (185). Then,

\/E{Iml (5%5)}1/ Q@C{f — 03N, <0p, Ip). (187)

Furthermore, for any continuously differentiable function g : @ — R such that Vg(0*) # 0,

V(90X —9(67) o N(0.1).

H {ﬁ“” (621 }-1/2vg<§m) (188)

Ten

Given the above generalized theorem, the proof of 4.11 is provided below. The proof of

Theorem 14.23 is provided later in this section.

Proof of Theorem 4.11. Note that 7 and 7% can be rewritten as

1
e min{m > ny; _Fél)<{z(§ML§ am)}il) < 02}
m

C Tn

C Tn )

1
7@ = min{m > no; —I‘g)({I(éML- a,)} ') <},
m

where

() = tr <{Vh(0)}T2h(0)> T = tr (),

Both Fg)(E) (I = 1,2) are continuously differentiable in @ and ¥ so the first part of (185)
is satisfied. The second part of (185) is satisfied for I'® is straightforward. For Fgl)(E),
the second part of (185) is satisfied due to the assumption that VAh(0) # 0 for all 6.
Thus, conditions of Theorem 14.23 are satisfied, and the proof is completed by applying this

theorem. O
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In the rest of the section, we present the proof of Theorem 14.23. Roughly, Theorem 14.23
is proved by combining the following lemma, compares the random and deterministic stop-

ping times, with the multivariate Anscombe’s theorem (Lemma 13.3).

Lemma 14.24. Assume a family of function Ty satisfies (185). Assume there exists con-

stants 0 < up < ug < 00 such that for anyn > ng and 8 € O,
If as n — o0,

cn — 0,¢p 2> Cpy1 >0,
0, — 0" a.s. P,, and (190)

T, — T a.s. Py,

where I™(0%) is nonsingular. Then, 1., < oo a.s. P, and as n — oo,

Ten =1, as. P,. (191)

| 0" 7 — — d
7(Le+, cn, 07, m) — 00, 7o, = 00, an 7(Tox, Cn, 0%, )

Proof of Lemma 14.24. By Theorem (14.1) and equation (78), we know that there exists
0 < ¢ < ¢ < oo such that
cl, <77 (8,) < e,

for all m > ny. By assumption (185), there exists 0 < v; < vy < oo such that for any n > ny,

Note that 7(I'g-, c,, 0%, ™) = max{ (Ww,no} — 00, as n — 00. Also note that

Cn
V2 1 T 1 U1
m > ng;— < cpp Cym >ng; —L'g ({Z7(0)} ) <cnp Cym > noi— < cnyp-
m m om m
Thus, for any fixed n,
. (% V2
Te, < mm{m >ng; — < cn} < [—W +ny < 00, a.s. Py,

m Cn

and as n — 00,
. U1
Te, 2 mm{m >ng— < cn} > {——‘ — 0.
m
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By assumption (190), we know that

lim {Z7(6,)} ' = {Z7(8")} " a.s. P,.

n—oo

Combining the compact convergence assumption (185) and (189), we obtain that

lim Ty ({Z7(8,)} ") = To- ({Z7(8")}!) as. P..

n—o0

That is, with probability 1, for any n > 0, there exits N, > ny such that for any n > N,,
Ts ({Z7(0.)} ") = To- ({Z7(6%)} 1) <.

Set Ny = min {n > Ny; (z—ﬂ > Nn} < o00. For any n > N,, we obtain that,

{m > no; % {To-({Z™(6%)} ") + 1} < cn}
{m > ng %rgm({zﬂm(ém)}—l) <o)
1

C{m > ng: — {Pg*({I’*(e*)}_l) — n} < cn},

which implies that

[Fg*({ff(e*)}—l) - nw . < [Pe*({f”w*)}‘l) + n]

Cn - Cn
Set n=¢&-To-({Z7(0*)}7') and d,, = Te-({Z™(0*)} 1) /c, — co. Note that

((1 - g)dn—| Ten ((1 + f)dn—|
0] S e = T

(192)

Taking the infimum limit and supremum limit over both sides of inequalities (192), we obtain

that for any £ > 0,

Te Te

n

1 —¢§) < liminf <l - < (1 .
( 5) - ITILIi)go} T(Fg*,cn,g*,ﬂ') o 1'1rfln—>solip T(FO*,CmO*ﬂT) _( +€)

In conclusion,
Te

Ii n =1, as. P,.
v 7(To+, Cp, 0%, 7) ) -8
L]

Proof of Theorem 14.23. Let v, = 7(Lg~, ¢, 0*, 7). Accordin to Theorem 4.1 and Theorem
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4.3, the conditions in (190) are satisfied. By Lemma 14.24, we obtain (191), which implies
that )
\/T—H{I“n(égﬂ)}m\/—_{zﬂ*(o*)}1/2 — 1, as. P, (193)
Un

For the ease of exposition, we write 7, = 7.,. To show the limit result (187), by (193) and
Slutsky’s theorem, it suffices to show that
1/2

\/m{z’f*(e*)} (6N — 6%) & Np<op,1p). (194)

According to Theorem 13.3 with T,, = @XL, 0 =6, N, =1, r, = v, and W, =
n~ V{1 (0*)}_1/2, (194) we only need to verify the following conditions for Theorem 13.3:
for all v > 0, € > 0, there exists 0 < § < 1 such that

é\ML_éML

n/

> e Anan({T7(69)7) <

To show the above inequality, it suffices to show that for any v > 0, ¢ > 0, there exists
0 < < 1 such that

limsup P ( max
n—00 In'—n|<dn

lim supP( max vn'" é\%L - @,\L/,[,L mm({Iﬂ*(H*)}_l/QD <.
n—00 n/ . n/ n'""'€n,(14+0)n]
Note that
]P)< max vn' é\%m — é\%’L mm({z’ﬂ'* (0*)}—1/2))
n’ n" n'"€n,(1+5)n]
<IP< max n( @T\L/,[L H + ‘ é}‘l/,[,L ) Mnin ({Z7™ (6%)} 7172 )
- n/,n'" €[n,(1+6)n] \/_ /1 +o ({ ( )} )

SQ-]P’( max \/_‘

€n,(1+8)n

’MLH > _\/_)\mm({fr )} 1/2))

Thus, we only need to show that for all £ > 0,

lim limsup]P( max AfL/ILH > a\min({I”*(O*)}_l/Q)) = 0. (195)

0—0 500 n’€[n,(14+0)n
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Let
D, :{vezn(é}fﬂan) - o}
N2 S 0300 193067 |, suw o [0
{33800 (95005001,
N{ Jivsn@sany| < Ammazﬂ*(e*))}
m{ ||{v3ln<9*§an)}71”op < m}

By Theorem 4.1, Theorem 14.1, Corollary 14.12, Lemma 14.13, and with probability 1,

o) <3}
) <3}

é\i\l/[L_e*

1

O [ CAE IEpe

n—oo

we know that

By Lemma 14.14, we obtain that

4
D,, C { sup @“L ’MLH < — sup . @T\L//[L;an }7
WQ’VL n/m<n/<(1+6)n )\mzn(Iﬂ' (0 )) <’ <(1+6)n ( )
and
Pncy < gV Vel (@ al |
/\mm(Iﬂ' ( ))
Thus
€ «
IP)( sup é;l\l/l[L o é\i\L/ILH 2 _)\mln I~ 0* -1/2 >
n/m<n’<(146)n vn ({27 (0}

Lt -
+P<{ sup \/_HVgl 5)}ﬂ ﬂ Dm>,

!
n’:n<n/<(1+5)n m>n

where C(e) = Eif/l\i”({%;,i?;,)ﬂ])’;_/f). Let ' € [n+ 1,(1 4 d)n]. With Vgl, (0 ;a,) =0, we
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know that that over N>, Dy,

1 "
Vi |[Volu (@) an) | = -1 90 D tog fay., ()
j=n+1
1| & S V(X)) iy
< _—_ Vol . X ) J=n+ 0 /L 9*
S PR A T
1| &
<—= Vo log fo-q;(X;)
(1+8)n 7,9 n/
44 Zj:n—‘rl U (X5) 1
— Vol a0 (X
@ @) o v |2 Vo)
By Markov inequality, we obtain that for any M > 0
Z +1<5<(146) )\Vllj (Xj) Hy
p(Sotmseon WO,y
on - - M
where py =, 4 Exavgy. , PT(X?) < 00 Thus,
n’ aj S)n \1,a5
SUDym 15w Dogenn U1 (X5) _ ST W (X))
= = 0,(1).

on N on

(197)

Note that S? = >""" Vylog fo+.a,(X;) is martingale sequence with respect to filtration

j=n+1

.F:;L:fn+m

By Assumption 2, C} := max,c4 maxgce Ex~,. ,{[|Valog fo.a(X)|I’} < co. Since |- is

convex, by Jensen’s inequality, ||S7 | is a submartingale. Applying Doob’s inequality (see

Theorem 6.5.d. in Lin (2010)), we obtain that

E|St® _1-C
M2 = M2

P(mwmﬁﬂzM)g

1<m<

Hence, we obtain

Z VG lOg f@*,aj (XJ)

Jj=n+1

p( !

max T
n+1<n’/<(1+8)n v/nd
and

(14+6)n-Cy < 20

P( max

1
— > M) <
nt1<n/ <(148)n /1 - -

Z Ve log fo.q,(X;)
j=1
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Combining (197), (198) and (199), we obtain

max ﬁHvezn@ﬁL;am

n':n+1<n/<(1+5)n

= V00,(1) + 60p(1).

Thus,

lim sup lim sup]P’({ sup vn HVgln(@ﬁL; a,)

5—0 n—00 n/:n<n/<(14+46)n

SlimsupP(\/gOp(l) > O(E)) = 0.

6—0

This completes the proof of (187).
We proceed to the proof of the ‘Furthermore’ part of the theorem. Note that

g(0X) — g(6") = {Vg(B,)}T (BN — 6",
where 8, — 0% and Vg(8,,) — Vg(6*) a.s. P, as n — co. Then,
Via(g(O) — g(07)  /m{Vg(8,)}7 (O - 67)
~ —1/2 N - N —1/2 ~
(@} Meaem)| |{me@m) va@
feo -1/2 ~ 1T
{77 (@)} V(6]

By Theorem 14.1 and Assumption 6B, we know that there exists U > 0 such that for any
n > ng
cUl, = I™(0) <¢l,, V0 € O.

Thus, the condition number of Z™ (), n(IF”(0)> < £ < oo, for any @ € © and n > ny.
Moreover, we know that
o MLy L2 0 AML
(7@} " (99(0,) - Vg(B2))

{7 @) v

Tn Tn

sn({f’m(@ﬁﬂ}m)

|V9(8,) — vg@2)|
|vg@m)|

= 0,(1).
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I (BML) Vg(OM-
Let h,, = —7 , then ||h,|| = 1. By continuous mapping theorem,
' 7 @3})} Vg(OMI)
i ~1/2
{176} " vg)
h, — h = Y a.s. P,.
[{z= @} " vaer)
As n — o0,
(g(8ME) — (0" _ 1/2

[{z @) waem

This completes the proof of (188).

14.12 Proof of Corollaries 5.1, 5.2, and 5.3

In this section, we will verify the regularity conditions for the applications presented in
Sections 5.1, 5.2, and 5.3, thereby proving Corollaries 5.1, 5.2, and 5.3. First, according to
Lemma 13.13, Assumptions 6A and 7A imply Assumptions 6B and 7B. The next lemma is

useful for verifying Assumption 4.

Lemma 14.25. Let F* = {log fo.(-) : @ € O} ,a € A be collections of measurable functions
with a P, integrable envelope functions. That is, F, satisfies that for all @ € ©,

[ log fo.u(2?)| < Fu(2?),a.5. Pi and Exanyg,. ,Fu(X*) < oc0.

If © is compact and mapping 0 — log fg .(x*) is continuous for every x* and a € A, then

P, { lim sup|l,(0;a,) — M(0;7,)| = 0} = 1.

n—oo 0cO®

Proof of Lemma 14.25. The proof is similar to the proof of Theorem 2.4.1 in Vaart and
Wellner (1997).First, we show that the bracketing numbers N (e, F*, Li(P.)) < oo, for
every a € A and € > 0, where the definition of bracketing number Ny (e, F, ||-||) is given by
Definition 2.1.6 in Vaart and Wellner (1997).
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Let B(0,0) = {6 € ©;]|0' — 0| < ¢}. Define

U 5(x*) = sup log fou(z”), and, lpg 5 (2?) = inf log fou(z“).
[ECARS 60—6"||<é

Because the envelope function F, is integrable with respect to [P, and log fg ,(-) is continuous
in @, the Dominated Convergence Theorem ensures that for any 6’ and ¢ > 0, there exists
0 > 0 such that

Eg* (u%(9,75)(Xa) — laB(e/ﬁ)(Xa)) < E.

By compactness of @, there exists (61,61),(02,02), -, (0m, dm), such that for any 8 € ©,
there exists 1 < j < m,

[i(2?) < log fou(2?) < u;(2?),

where u; = ufq 5y andlj = Iy 4 5. Thus, the bracketing numbers NV | (e, F* Li(P,)) < o0,

for all e > 0 and a € A. That is, we can choose finitely many ¢—brackets [l?,u?], whose

union contains F* and such that Eg-(u$(X®) —15(X?)) < ¢, for every j. Hence, for every
0 € O, a € A, there exists j, such that

L (27) < 108 foala®) < 1w, (2°),
The above inequality also implies that
Exnfoulin(X) < Exngy, 108 fou(?) < Bxepy,uju(X) (200)
Note that, if the functions fg ,(-) are inside the brackets [I*, u?] for all a, then

.(0;a,) — M(0;7,)

<5 DX = (X))
< D) ~ Bl (X)) +e
Thus.
up((0:0,) ~ MOF) S max L3 ()~ Bt (0)IF]) e

128



By Lemma 13.2,

3w (X0) — Bl (X1 Fa]) 25 0.

Consequently,
lim sup sup(l,,(0; a,) — M(0;7,)) < ¢,a.s. P,.

n—oo 60O
A similar argument yields that

liminf inf (1,,(0;a,) — M(0;7,)) > —¢,a.s. P..

n—oo 0O

Taking ¢ — 0, we obtain that

IP’{ lim sup |l,,(0;a,) — M(0;7,)| = O} = 1.

n—oo 0cO®
[

Remark 14.26. Under Assumptions 1 and 2, if we assume V3 fg ,(2%) is continuous in (0, %)
and

L := max sup V5 10g fo.a(z")||

< 00,
a€A 9@,z esupp(fo.a)

op

then by the first order Taylor expansion with Lagrange remainder, we can choose the envelop

function F), as
a a a : L : 2
Fo(x%) = |log fo o(x®)| + ||Ve log for o(x?)| - diameter(®) + 5 diameter(©)”.

Proof of Corollary 5.1. Let &, = 216 and hg, ,(2%) = (.(2%) exp{z®€, — B.(€,)}. Let X ~
fo+ - Note that

Ve, l0g he, o(X) = X = B}(&) and — V¢ loghe, o(X") = Bi(€) = __min _ Bi(€) > 0.
Assumption 1, % is in the interior of ©, & = 2160* is in the interior of {210;0 € ©}.
Applying Theorem 5.8 in Lehmann and Casella (2006), we know that all moments for
Ve, log he: o(X*) = X — B (£;) exist. Also note that B/ (z! 6) > 0 and Z¢, (&) = B"(&.)
is nonsingular. Thus, Assumptions 2 and 6A hold. Note that from the above derivations,

HVZG log fg,a(a:a)Hop does not depend on z®. This, together with Lemma 14.25 and the ac-
companying Remark 14.26, implies that Assumption 4 is satisfied.
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Note that

hey) = Bal&a) = Bal€)) + (€~ €)BUEN 2 S 6 - €I° min  BIE).

D (hes a ;o
a=%2, 0,0¢c

Thus, Assumption 7A is satisfied with C'=ming __r . B"(€,)/2.

Thus, to prove the corollary, it is sufficient to verify Assumption 3, which will be the
focus of the rest of the proof.

Because the Fisher information is Zg, .(&§,) = B”(€.), the first part of conditions of
Assumption 3 on the smoothness of the Fisher information in 8 holds. We proceed to verify
that > Z,(0) is positive definite.

Note that

7.(0) = B"(210)z,2].

Thus,

gZzazg < ZICL(B) < EZzazf,

acA acA acA
where ¢ = infgeg qca Bl (210) > 0 and € = supgee 4eu Bl (20 ) < 00.
So, it is sufficient to show that >, 4 2,2} is non-singular. In the rest of the proof, we

show that ) 4 z,2zL is non-singular by proving the following result in linear algebra:

{z4;0 € A} = ker (Zzazg). (201)

acA

Proof of (201) Because ), 4 2.2. is positive semidefinite,

z € ker (Zzaz(?) = zT(ZzazL?)z =0 < Z 1zlz|2 =0
acA acA acA

= (2,2,)=0,Ya€ A < z € {z,a¢c A}

. T . .
Since ), 4 ZaZ, is symmetric,

R(Z zazf) = ker (Z zaz5>L = ({za; ac _A}L)l = span{z,;a € A} = R”.

acA acA

This completes the proof of Corollary 5.1.
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Proof of Corollary 5.2. Because
fo.a(2a) = exp(bazq) exp {zL 0 — log(1 + exp(z, 0 + b,)) }, 2, € {0,1},

the M2PL model described in (36) is a special case of the GLM described in (34), with
B.(&.) = log{1 + exp(&, + b,)}, and (*(z,) = exp(bax,). Because the support of B,(:) is
R, conditions of Corollary 5.1 are satisfied. As a result, Corollary 5.2 follows by directly

applying Corollary 5.2.
O

Proof of Corollary 5.3. Note that the BTL model described in (39) is a special case of the
M2PL model described in (36) with the following z, and b, for a = (4, j), and 0 < i < j < p,

(za’ ba) _ (ej — €5, 0) if 4 7& 0 . (202)
(e;,0) ifi=0

Thus, Corollary 5.3 is implied by Corollary 5.2 as long as we can verify that a connected
graph G ensures that dim(span{z,;a € A}) = p. In the rest of the proof, we prove a slightly
stronger result: for all G = {a',--- ,a*} C A, if the graph (V,G) is connected, where
V =4{0,1,2,---,p}, then dim(span{z,;a € A}) =

First of all, if the graph G = (V, E) is connected, then it implies that s > p. Let Zg =
[Z41, -+, 2Z4s]. It suffices to demonstrate that rank(Zg) = p. To proceed, we construct a
matrix that possesses the same rank as Zg, as described below. For a = (i,7), 0 <i < j < p,

let
—1,zI)7  ifi=0
z;“ = ( ) (203)
0,257 if 7 > 0.

Then, define ZF = [zf,--,2%] € RP™V*. Note that zf = (—2zl1,,2I)7 for all a.
Consequently, rank(Zg) = rank(Z).
Let ed = ey, - ,e; = e,.1, where ey, ..., e, is the standard basis for RFT!. Tt is easy

to check that z = ef — e, where a = (a1,a2). Let vy = aj, vy = aj, Sy = {v1,v2} and
_ : 1 _ ~ _ 1 +y
G1={a€G;a#a'}, where a' = (aj,a;). Set @; = a'. Now we know that rank(z; ) = 1
Since (V,G) is a connected graph, there exists ' € G_; such that o' = (a},a)) a) € Sy
and al, & Sy (or ajy € Sy and a} € Ss). Set v3 = a)), (or v3 = a}), S3 = Sa U {Ug} ay = a, and
G_o ={a € G_1;a # ay}. By our construction, we know that 2z = e+, — e, o & span{z; }.
Thus, rank([2] 27 ]) > rank(z; ).

Because (V,G) is a connected graph, we can always repeat the above process, until
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Sp+1 = V. By this process, we obtain a sequence @y, - - - , @, such that

1 =rank(z] ) < - <rank([z;,-- 25 |]) <rank([z7,-- 2 ]) =p.

Notice that p = rank([zF - ,Zé:]) < rank(Zj) = rank(Zg) < p. This implies that
rank(Zg) = p.
[l
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